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Notation and Conventions

e M denotes the spacetime manifold.
e 1) denotes the reference Lorentzian metric (typically Minkowski in a global chart).
e g denotes the physical metric.

e The scalar field A : M — R+ is the NUVO modulation field.

e The physical metric is scalar—conformal:
uv = A? Nuv -

e Ay > 0 denotes the baseline scalar availability level supported by the intrinsic delivery struc-
ture of the underlying field. In the absence of localized structural occupation the scalar field
satisfies A(x) = Ap.

e The dimensionless scalar diagnostic is

e The scalar field represents the locally available structural capacity of the underlying delivery
field. Localized structures may reduce this availability through occupation or transport, but
the intrinsic delivery baseline Ag remains fixed.

e Greek indices u, v, ... range over spacetime coordinates 0,1, 2, 3.

e We use the Einstein summation convention unless explicitly stated otherwise.

Remark 0.1. Unless otherwise stated, the background signature is (—,+,+,+).

*Bibliography is provisional. Cross-references to companion NUVO-series papers (M-, SR-, Q-, QB-, QM-series)
will be updated with Zenodo DOIs in subsequent versions.



Program scope.

Abstract

The Pauli equation of QMS8 governs non-relativistic spin—% transport closure dynamics on
the Hilbert space Hga = H ® C2. The present paper, QM11, derives the relativistic extension
of this equation by imposing Lorentz covariance on the transport closure state, producing the
Dirac equation:
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a first-order linear partial differential equation on a four-component spinor ¥ € Hpiac =
L?(R3,C*). The Dirac matrices y* satisfy the four-dimensional Clifford algebra {y*, "} = 2g"*,
extending the three-dimensional Pauli Clifford algebra {o;, o} = 2d;,0¢ of QM8 Theorem 4.2
to Minkowski spacetime.

The Foldy-Wouthuysen transformation reduces the Dirac equation to a non-relativistic ex-
pansion in powers of v /¢, recovering the Pauli equation at zeroth order and producing three phys-
ical correction terms at order (v/c)?: the relativistic kinematic correction Hye = —p*/(8m3c?),
the spin-orbit coupling Hgo = 13 (T)I: .S with the correct Thomas precession factor % (complet-
ing the QMS derivation), and the Darwin term Hparwin = (7®3e2/2m2c?)5®) (r) (new to the
relativistic sector).

The minimal coupling 9,, — 0, —ieA,, /(Poc) in the Dirac equation gives the Zeeman coupling
for a magnetic field and produces the g-factor g = 2 for the electron spin magnetic moment
(completing the QM8 derivation), together with the Dirac prediction g — 2 = 0 at tree level
(higher-order corrections from quantum electrodynamics are outside the scope of the QM-series).

Applied to the hydrogen atom, the Dirac-Coulomb equation produces the exact fine structure
energy:
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whose expansion to order a? gives the complete non-relativistic fine structure including the
spin-orbit correction of QMS, the Darwin term, and the relativistic kinematic correction.

The spin-statistics theorem is derived as the fifth holonomy quantization of the NUVO pro-
gram: the double cover SL(2,C) of the Lorentz group SO(3,1) admits only two classes of
irreducible unitary representations, corresponding to integer and half-integer spin. The CPT
theorem, combined with the requirement that the relativistic n-point functions be analytic in
the physical sheet of the complex energy plane, forces integer-spin fields to commute (7 = +1,
bosons) and half-integer-spin fields to anticommute (7 = —1, fermions) under exchange.

No new postulates are introduced. All results follow from the SR-series Lorentz symme-
try, the QM8 Pauli algebra, the QM7 exchange structure, and the analytic properties of the
relativistic n-point functions.

1 Introduction

1.1 Position Within the QM-Series

The QM-series has, through QM10, developed the complete non-relativistic quantum mechanics
of scalar—conformal NUVO transport closure configurations: the single-particle Hilbert space and
dynamics (QM1-QM4), the angular momentum spectrum and hydrogenic structure (QMS5), the
harmonic oscillator and Fock space (QM6), the multi-particle tensor product and coupled oscillator
(QMT), the spin degree of freedom and the Pauli equation (QM8), entanglement and Bell inequal-
ities (QM9), and quantum scattering theory (QM10). Four holonomy quantizations were derived:
the principal quantum number n from the radial transport holonomy (Q-series), the magnetic quan-
tum number m from the azimuthal holonomy in SO(3) (QMS5), the exchange parity = € {+1, -1}



from the exchange holonomy in (R? x R3)/Sym, (QM?7), and the spin quantum number j € $Zxo
from the double-cover holonomy of SU(2) (QMS8). Throughout this program, three results were
explicitly identified as requiring the relativistic framework and deferred to the present paper: the
g-factor g = 2 for the electron spin magnetic moment (noted in QM8 Definition 6.1), the Thomas
precession factor % in the spin-orbit coupling (noted in QM8 Remark 7.2 and QM10 Remark 2.4),
and the complete hydrogen fine structure including the Darwin term and the relativistic kinematic
correction (noted in QM8 Theorem 7.3 as incomplete). The present paper, QM11, delivers all
three deferred results together with a fourth: the spin-statistics theorem, which establishes that
the third and fourth holonomy quantizations are not independent in the relativistic framework but
are connected by the CPT symmetry of the Lorentz group’s double cover SL(2, C).

The organizing principle of QM11 is the extension of the non-relativistic transport closure dy-
namics to the relativistic regime. The Pauli equation of QMS is first-order in time but contains the
non-relativistic kinetic energy p®/(2m), which is second-order in the spatial momentum operator.
This asymmetry — first order in 0; but second order in V — is incompatible with Lorentz co-
variance, because a Lorentz boost mixes the time and space derivatives. The relativistic extension
must therefore be first-order in all four spacetime derivatives simultaneously. The unique (up to
unitary equivalence) first-order Lorentz-covariant linear equation for a massive spin—% transport
closure configuration is the Dirac equation (i®¢y*9,, — m.c)¥ = 0, where the Dirac matrices ~*
satisfy the four-dimensional Clifford algebra {y#,7"} = 2¢g**1, — a direct extension of the three-
dimensional Pauli Clifford algebra {o;, 0} = 2d;,00 of QM8 Theorem 4.2 to the Minkowski metric
of the SR-series. The Dirac spinor ¥ is a four-component complex wave function, doubling the two-
component spinor of QM8 by accommodating both particle and antiparticle degrees of freedom; its
Hilbert space Hpirac = L?(R3,C*) extends the QMS full Hilbert space Heaq = L?(R3, C?).

QM11 depends on three structural inputs from the prior series. The Lorentz group SO(3,1) =
SO(3,1) and its double cover SL(2,C) are established in the SR-series as the symmetry group of
the scalar—conformal geometry in the inertial limit (SR1): every physical equation derived within
the NUVO framework must be invariant under SL(2,C)-transformations in this limit, and the
requirement of SL(2,C) covariance applied to the transport closure state is what forces the Dirac
equation to be the correct relativistic equation. The Pauli algebra of QMS is the computational
input to the Dirac matrix construction: the four Dirac matrices are built from the three Pauli
matrices plus the 2 x 2 identity as 7 = diag(op, —09) and 7/ = antidiag(oj, —o;), making the
four-dimensional Clifford algebra a direct extension of the three-dimensional one. The exchange
structure of QM7 is the input to the spin-statistics theorem: QM7 Theorem 5.1 established that
the exchange parity m € {+1, —1} is a quantum number of the many-particle system, but left open
which value applies to a given particle species; QM11 Theorem 7.4 shows that within the relativistic
framework m = (—1)% is forced by the CPT symmetry and the positivity of the inner product,
connecting the exchange parity to the spin quantum number j.

QM11 is the fifth and final holonomy quantization of the NUVO program and the bridge to the
relativistic quantum field theory of the RQM-series. The fifth holonomy is qualitatively different
from the first four: while each of the first four generated a new quantum number (n, m, m, j),
the fifth generates a constraint between the third and the fourth, establishing that the exchange
parity is not an independent quantum number in the relativistic theory but is determined by the
spin. The Dirac equation established here is the single-particle input to the RQM-series, where
it will be quantized — creation and annihilation operators applied to the four-component Dirac
spinor — to produce the relativistic quantum field theory of fermions. The anomalous magnetic
moment g — 2 = a/7 + O(a?) and the Lamb shift (the lifting of the accidental degeneracy of the
2512 and 2p; /9 levels predicted by the Dirac equation) both require the quantized field theory and
will appear in RQM4 (quantum electrodynamics).



1.2 Objective of the Present Work

The central objective of the present paper is to derive the Dirac equation from the requirement
of first-order Lorentz covariance of the transport closure dynamics, to develop its physical conse-
quences through the Foldy-Wouthuysen reduction and the Dirac-Coulomb solution, to complete the
three QMS8 deferrals, and to establish the spin-statistics theorem as the fifth holonomy quantization.
Specifically, the paper establishes six claims.

1. The unique first-order Lorentz-covariant linear equation for a massive spin—% transport closure
configuration is the Dirac equation (i®¢y*0, — mec)¥ = 0, where the Dirac matrices y*
satisfy the four-dimensional Clifford algebra {y*,~+"} = 2¢* 1,. The minimum dimension
satisfying this algebra is 4 x 4; in the standard (Dirac) representation the matrices are given
by 7° = diag(co, —0¢) and 4¢ = antidiag(oj, —o;), built from the Pauli matrices of QMS
Theorem 4.2. The free-particle solutions split into positive-energy (E > 0) and negative-
energy (F < 0) plane waves, with the negative-energy solutions requiring field quantization
(RQM-series) for their physical interpretation.

2. The minimal electromagnetic coupling 0, — D,, = 0, + ieA,/(®oc) applied to the Dirac
equation produces the coupled Dirac equation whose non-relativistic limit, obtained by elimi-
nating the small components x ~ (o - 7)p/(2m.c), is the Pauli equation of QM8 Theorem 5.1
with the additional Zeeman coupling —e®oo - B/(2mec) = —(2up/®0)S - B, confirming the
g-factor g = 2 (completing QM8 Definition 6.1). The g = 2 result follows algebraically from
the Pauli identity (o - #)? = #2 + (e®o/c)o - B.

3. The Foldy-Wouthuysen transformation, a sequence of unitary transformations that block-
diagonalize the Dirac Hamiltonian in powers of v/c, produces to order (v/c)? the effective
Hamiltonian on the large components: Hpw = p?/(2me)+V (r)—p*/(8m3c?)+(®3 /4m2c?) (1/r)(dV/dr)L-
/2 + (93/8m?2c?)V2V. The spin-orbit term carries the factor @(I/T)(dV/dr), which
equals the QM8 coupling function £(r)/2, confirming the Thomas precession factor % (com-
pleting QM8 Remark 7.2). The Darwin term o< V2V o 6®)(r) for the Coulomb potential is
new to the relativistic sector.

4. The Dirac-Coulomb equation (the Dirac equation with V' = —e?/r) has the exact energy
spectrum Efj =mec?[1 + (a/(n, + /(G + 3)2 — a2))?] 72 — mec? (where n, =n —j — 3 is
the radial quantum number), whose expansion to order a* gives the complete hydrogen fine
structure Ey, (a?/n?)[n/(j+3)—3], comprising the spin-orbit correction (QMS), the relativistic
kinematic correction, and the Darwin term. States with the same (n,j) but different ¢ are

degenerate at this order (the 2s;/5-2p; /o accidental degeneracy lifted by the Lamb shift in
QED).

5. The spin-statistics theorem m = (—1)% is derived as the fifth holonomy quantization from the
CPT theorem (itself a consequence of Lorentz covariance under SL(2, C)) and the requirement
of positive definite inner product on the Hilbert space. For integer j: the CPT operator
satisfies ©2 = +1, consistent with commuting (bosonic, m = +1) fields. For half-integer j:
©2 = —1, consistent only with anticommuting (fermionic, m = —1) fields if the Hilbert space
inner product is to be positive definite. This connects the QM7 exchange parity 7 (third
holonomy) to the QM8 spin quantum number j (fourth holonomy), completing the NUVO
program’s five-holonomy derivation of all discrete quantum numbers without postulate.



6. The relativistic Mott cross section %Mom = %Rntherfor g (1= 32 sinzg) is derived from the Born
matrix element of the Dirac-Coulomb equation, where 8 = v/c is the electron velocity. The
factor (1 — (32 sian) is the spin-kinematic correction arising from the Dirac spinor structure;
it reduces to 1 in the non-relativistic limit 5 — 0 (recovering QM10 Proposition 6.2) and
causes the backscattering ( = 7) cross section to vanish for massless fermions (8 = 1), a

consequence of helicity conservation.

Claims (1) through (6) are logically ordered and complete the prior series in a specific sequence.
The Dirac equation of claim (1) is the relativistic replacement of the Pauli equation; the minimal
coupling of claim (2) derives g = 2 as its immediate consequence; the Foldy-Wouthuysen reduction
of claim (3) completes the QM8 spin-orbit program; the Dirac-Coulomb spectrum of claim (4)
completes the QM5/QMS8 hydrogen fine structure program; the spin-statistics theorem of claim (5)
completes the QM7/QMS8 holonomy program; and the Mott cross section of claim (6) completes
the QM10 scattering program. QM]11 is not a paper that opens new territory but one that closes
the non-relativistic and semi-relativistic program and positions the series for the relativistic field
theory of the RQM-series.

1.3 What Is Not Assumed

The present work maintains without modification the interpretive discipline of the prior series. Five
exclusions are of particular importance for QM11.

The Dirac equation is not postulated. In the standard treatment of quantum mechanics, the
Dirac equation is introduced as an additional axiom: the relativistic equation of motion for the
electron, motivated by the desire for Lorentz covariance but not derived from the non-relativistic
framework. In the NUVO program, the Dirac equation is derived in Sec. 3 from the single re-
quirement that the transport closure dynamics be first-order in all four spacetime derivatives and
Lorentz-covariant under SL(2, C). This derivation is not a deduction within the formalism of QM8
(where the dynamics are intrinsically non-relativistic) but an extension of the formalism to the
relativistic regime using the Lorentz symmetry established in the SR-series. The Dirac equation is
thus as much a derived consequence of the NUVO geometric framework as the Pauli equation is a
derived consequence of QM4 dynamics applied to the full Hilbert space.

The spin-statistics theorem is not postulated. In many formulations of quantum mechanics,
the fermionic or bosonic character of particles is introduced as an additional postulate (“the wave
function of identical fermions must be antisymmetric under exchange”) or as a consequence of the
empirical observation that electrons obey the Pauli exclusion principle. In the NUVO program,
the spin-statistics theorem is derived in Sec. 7 from the CPT theorem (itself derived from SL(2,C)
covariance) and the positivity of the inner product, following the Streater-Wightman approach [?].
The proof given here follows the structure of the Streater-Wightman argument and cites their
result for the key analytic step (the positivity of the Wightman two-point function); a fully self-
contained proof within the NUVO framework would require the development of the relativistic
n-point function formalism, which belongs to the RQM-series.

The anomalous magnetic moment and radiative corrections are not derived. The tree-level
Dirac prediction g = 2 of Theorem 4.5 is the leading term in a perturbative expansion in a:
quantum electrodynamics adds the Schwinger correction g — 2 = /7 + O(a?) =~ 0.00116, the most
precise prediction in physics. This and all higher-order radiative corrections require the quantized
electromagnetic field and the electron-photon vertex, which belong to the RQM-series.

The Lamb shift is not derived. The accidental degeneracy of the 2s;,5 and 2p;/5 hydrogen
levels predicted by the Dirac spectrum (Theorem 6.5) is lifted by the Lamb shift of approximately



1057 MHz, a purely quantum electrodynamic effect arising from the interaction of the electron
with the vacuum fluctuations of the electromagnetic field. The Lamb shift is noted as the primary
observable consequence of QED that lies beyond the Dirac equation; its derivation belongs to
RQMA4.

The quantization of the Dirac field is not performed. The Dirac equation of the present paper is
the single-particle equation; its quantization (the introduction of creation and annihilation operators
IA)k7S and cfk’s for electrons and positrons, the canonical anticommutation relations, and the Fock
space structure of the many-body theory) is the content of RQM2. The negative-energy solutions of
the free Dirac equation (noted in Sec. 3.3) require field quantization for their physical interpretation
as positrons; within the single-particle framework of QM11 they are recorded as a structural feature
of the equation whose significance is deferred to the RQM-series.

1.4 Structure of the Paper

Sec. 2 recalls the Lorentz group SO(3,1) and its double cover SL(2,C) from the SR-series, the
Pauli algebra and spin-orbit structure from QMS8, the exchange parity and its holonomy from QM7,
and the hydrogen bound state spectrum from QM5 that will be extended by the Dirac-Coulomb
result. Sec. 3 derives the Dirac equation from the requirement of first-order Lorentz covariance;
introduces the Dirac matrices in the standard representation; establishes the Clifford algebra as the
relativistic extension of the Pauli algebra; and records the free-particle plane wave solutions and
the large/small component structure. Sec. 4 introduces minimal electromagnetic coupling; derives
the coupled Dirac equation in an electromagnetic field; carries out the non-relativistic reduction
to recover the Pauli equation; and derives the g-factor ¢ = 2 as the coefficient of the Zeeman
coupling term. Sec. 5 introduces the Foldy-Wouthuysen transformation as the systematic method
for extracting the non-relativistic expansion of the Dirac Hamiltonian; derives the complete (v/c)?
correction including the relativistic kinematic term, the spin-orbit term with the Thomas factor %,
and the Darwin contact term. Sec. 6 solves the Dirac-Coulomb equation exactly, derives the Dirac
energy spectrum E,’?j, expands to order a? to obtain the complete fine structure, and identifies
the three physical correction terms. Sec. 7 derives the CPT theorem from SL(2,C) covariance and
uses it together with the positivity of the inner product to establish the spin-statistics theorem as
the fifth holonomy quantization; records the complete five-holonomy table that closes the NUVO
program. Sec. 8 derives the relativistic Mott differential cross section from the Dirac-Coulomb Born
amplitude, verifies the non-relativistic limit, and records the helicity conservation consequence for
backscattering. Sec. 9 records the derivational status of the Dirac equation and spin-statistics
theorem, the QED boundary, and the scope of the present construction. Sec. 10 summarizes the
twelve principal results, records the programmatic significance of QM11 as the capstone of the
QM-series holonomy program, and prepares the transition to the RQM-series.

2 Recalled Structure from Prior Papers

The present section collects the results from the SR-series, QM5, QM7, and QMS8 that are directly
required for the derivations of Secs. 3-8. Nothing in this section is new. The recalled material
falls into four categories: the Lorentz group and its double cover from the SR-series, which provide
the covariance requirement from which the Dirac equation is derived; the Pauli algebra from QMS,
which provides the building blocks for the Dirac matrices; the exchange structure from QM?7, which
is connected to the spin quantum number by the spin-statistics theorem; and the hydrogen bound
state spectrum from QMS5, which is extended and completed by the Dirac-Coulomb analysis.



2.1 The Lorentz Group and SL(2,C) from the SR-Series

The following results from the SR-series are the geometric setting for the derivation of the Dirac
equation in Sec. 3 and the spin-statistics theorem in Sec. 7.

The Lorentz group (SR1 Sec. 2). The Lorentz group SO(3,1) = SO(3,1) is the group of real
4 x 4 matrices A satisfying ATnWA = 7 and det A = +1, where 7, = diag(+1, -1, =1, —1) is the
Minkowski metric. In the uniform scalar limit of the scalar—conformal geometry (SR1 Theorem 2.1),
the physical metric g,, = Afnm,W is conformally flat and the residual symmetry group is the
Poincaré group (Lorentz transformations plus spacetime translations). Every physical equation
derived within the NUVO framework must be invariant under SO(3,1)-transformations in this
limit. Topologically: SO(3,1) = SO(3) x R? (as a manifold), with 71(SO(3,1)) = Zs (the same as
SO(3)).

The double cover SL(2,C) (SR1 Sec. 3 and the standard theory of the Lorentz group). The
group SL(2,C) of 2 x 2 complex matrices with det M = 1 is the universal cover of SO(3,1):

7:SL(2,C) — SO(3,1),  kerm = {+1y, —15} = Zy, (1)

with SL(2,C) simply connected (m1(SL(2,C)) = 0) and the covering map 2-to-1. The finite-
dimensional irreducible representations of SL(2, C) are labeled by pairs (jr, jr) with jr,jr € %Zzoi

Representation Dimension Physical field

1 scalar (spin-0)

2 left-handed Weyl spinor
2 right-handed Weyl spinor
4 four-vector

4 Dirac spinor (spin-3)

=
o
N—

O == O
L =

o N R N R
o=~ O ol

@ (0, 3)

The Dirac spinor representation (3,0) @ (0, 1) is reducible: it is the direct sum of a left-handed
Weyl spinor ¢ (upper two components) and a right-handed Weyl spinor x (lower two components).
The Dirac equation mixes the two Weyl representations via the mass term mcc: a massless spin—%
particle (e.g., a neutrino in the massless approximation) would be described by the Weyl equation
on a single two-component spinor.

Remark 2.1. The SL(2,C)-SO(3,1) covering map of Eq. (1) is the Lorentz-group analogue of
the SU(2)-SO(3) covering map of QM8 Sec. 7?. Both are 2-to-1 covers with kernel Zs, and both
give rise to spinor representations that are not representations of the base group. The difference
is topological: m1(SO(3)) = Z2 and w1 (SO(3,1)) = Za are both Za (the same fundamental group),
so the spinor behavior under 2w rotation is the same in both cases. But the Lorentz group includes
boosts in addition to rotations, and the interplay between the boost and rotation parts of SL(2,C) is
what gives rise to the CPT theorem (Sec. 7.1) and ultimately to the spin-statistics connection: the
CPT operator O is an element of the complexified Lorentz group that cannot be written as a pure
rotation, and its square 6?2 = (—-1)% 1 distinguishes integer from half-integer spin.

2.2 The Pauli Algebra and Spin-% Structure from QMS8

The following results from QMS are the direct algebraic inputs to the Dirac matrix construction
and to the Foldy-Wouthuysen reduction.
The Pauli Clifford algebra (QMS8 Theorem 4.2). The Pauli matrices o1, 02, 03 satisfy:

: 2
g0 = (5ij0 + 1€k100, {O'j,O'k} = 25jk0'0a O'j = 0y. (2)



The Dirac matrices in the standard representation are built from the Pauli matrices:

o__ (00 0 i _ 0 g
e ) V(5 %)

so the four-dimensional Clifford algebra {~v*,v"} = 2¢"¥ 14 of Theorem 3.1 is a direct extension of
Eq. (2): the spatial part {77, y*} = —25jki4 (negative sign from ¢’/ = —1) and the temporal part
(7°)? = +14 (positive sign from ¢% = +1).

The full spin—% Hilbert space (QMS8 Definition 5.1). Heq = H ® C? = L%(R3,C?), the space of
two-component spinor wave functions. The Dirac Hilbert space Hpiac = L2(R?, C*) extends this
by doubling the spin space: Hpirac = Heul @ Heull, with the large components ¢ € Hey and small
components x € Hgyp. In the non-relativistic limit (x — 0), the Dirac equation on Hpirae reduces
to the Pauli equation on Hey.

The Zeeman Hamiltonian and its parameters (QM8 Definition 6.1 and Theorem 6.1). The
Zeeman Hamiltonian Hy = (gum/ @0)5'3 has the g-factor g as an external parameter; QMS8 noted
g = 2 as the Dirac prediction and deferred its derivation. Theorem 4.5 of the present paper
establishes g = 2 as a consequence of the algebraic identity (o - 7)? = 72 + (e®g/c)o - B (which
follows directly from Eq. (2) applied to the minimally coupled momentum).

The spin-orbit coupling and its deferred Thomas factor (QMS8 Definition 7.1 and Remark 7.2).
The spin-orbit Hamiltonian Hgo = &£(r)L - S with £(r) = (1/2m2¢?)(1/r)(dV/dr) was introduced
in QM8 with the note that the factor % was the Thomas precession correction whose derivation
from the Dirac equation was deferred. The Foldy-Wouthuysen reduction of Theorem 5.4 produces
the spin-orbit coupling with coefficient (1/4m2¢?)(1/r)(dV/dr) for the o - L operator (equivalently
(1/2m2¢®)(1/r)(dV/dr) for the L - S operator at the QM8 normalization), confirming &(r) and

1

deriving the Thomas factor 5 as an algebraic consequence of the Dirac equation rather than a

separate relativistic kinematic input.

Remark 2.2. The algebraic path from the Pauli matrices to the Dirac matrices via Eq. (3) is the
most direct expression of the QMS8-to-QM11 program arc. The Pauli matrices generate the Clifford
algebra Cl3 (three-dimensional Euclidean Clifford algebra with generators satisfying {oj, o} =
26;1). The Dirac matrices generate the Clifford algebra Clz 1 (four-dimensional Minkowski Clif-
ford algebra with generators satisfying {y*,7"} = 2g"”). The embedding Cl3 — Clz ;1 given by
oj iY947 (the spatial Dirac matrices times i) makes the inclusion algebraically explicit. The
spm-% representation of Clg is the two-dimensional Pauli representation C* = C?; the spz'n-% rep-
resentation of Cls 1 is the four-dimensional Dirac representation C* = C? & C%. This dimensional
doubling is why the Dirac equation has four components: two for the particle (large components)
and two for the antiparticle (small components in the non-relativistic limit, and an independent
degree of freedom in the relativistic theory).

2.3 The Exchange Structure and the Third Holonomy from QM7

The following results from QM7 are the structural inputs to the spin-statistics theorem of Sec. 7.

Ezchange holonomy and the exchange parity (QMT7 Theorem 5.1 and Remark 5.2). The con-
figuration space of two identical transport closure configurations in three-dimensional space is
(R? x R3)/Sym,, whose fundamental group m; = Zs has two elements. The holonomy of a closed
exchange path (a path that exchanges the positions of the two configurations and returns to the
original configuration) is an element of Zo, giving the exchange parity m € {+1,—1}. This is the
third holonomy quantization. In QM?7, the exchange parity was established as a quantum number
of the many-particle system with 7 = +1 giving the symmetric (bosonic) sector Hgym and 7 = —1



the antisymmetric (fermionic) sector Hanti, but the connection between 7 and the spin quantum
number j was explicitly left open (QM7 Remark 5.3: “which value of 7 corresponds to a given
particle species requires the relativistic framework”).

The Pauli exclusion principle as a corollary of antisymmetry (QM7 Corollary 5.2). For configu-
rations with 7 = —1 (fermionic): no two identical configurations can occupy the same single-particle
state, since a two-particle state |¢) ® |¢) is symmetric under exchange and therefore orthogonal
to the antisymmetric sector Hanti. The Pauli exclusion principle was derived in QM7 as a conse-
quence of antisymmetry, without identifying which particle species have # = —1. Theorem 7.4 of
the present paper establishes that all half-integer-spin configurations have m = —1, so the Pauli
exclusion principle applies to all fermions.

Remark 2.3. The third and fourth holonomy quantizations both involve Zso: the exchange holon-
omy gives m1((R3 x R3)/Symy) = Zy (the two exchange parities 7 = +1) and the double-cover
holonomy gives w1 (SO(3)) = Za (the two families: integer and half-integer spin). In the non-
relativistic framework of QM7 and QMS, these two Zss are independent: the exchange parity and
the spin family are logically separate quantum numbers that happen to share the same mathematical
structure. The spin-statistics theorem of QM11 establishes that in the relativistic framework they
are not independent: the SL(2,C) double cover of the Lorentz group connects them, forcing the
identification © = (—1)%3. The fifth holonomy is therefore the statement that the two Zss of the
third and fourth holonomies are the same Zs within the relativistic theory.

2.4 The Hydrogen Bound State Structure from QM5 and QM8

The following results from QM5 and QMS are the non-relativistic baseline against which the Dirac-
Coulomb fine structure of Sec. 6 is compared.

The non-relativistic hydrogen energy levels (QM5 Theorem 7.2). The energy eigenvalues of
the hydrogenic Hamiltonian Hy = p?/(2m.) — €2/r are E, = —mee*/(202n?) = E;/n? for n =
1,2,3,..., with By = —mee4/(2<193) ~ —13.6 eV. Each level E,, has degeneracy n’: the quantum
numbers ¢ € {0,1,...,n — 1} and m € {—¢,...,+¢} contribute n? spatial states (not counting
spin). Including spin: the total degeneracy of level E,, is 2n? (factor of 2 from the two spin states
(1) and | 4)). A N

The QMS spin-orbit fine structure (QMS8 Theorem 7.3). The spin-orbit coupling Hgo = &(r)L-S
splits the nf-level into two levels with j = ¢ 4+ %, separated by the fine structure energy:

0‘2|En’
nl(l+3)(+1) @

(QMS8 Theorem 7.3), for £ > 1. The total fine structure from the Dirac equation (Theorem 6.5)
adds the relativistic kinematic correction and the Darwin term to this, producing the complete fine
structure whose energy depends on (n, j) but not on ¢ separately. The agreement between the QM8
spin-orbit result and the £ > 1 part of the Dirac fine structure is one of the primary checks on the
Foldy-Wouthuysen reduction.

AFEso =

The principal quantum number degeneracy in the Dirac spectrum. The key structural difference
between the non-relativistic (F,, depends only on n) and Dirac (E,]?] depends on n and j but not
?) spectra is the lifting of the ¢-degeneracy at fixed n: states with the same n and j but different ¢
(e.g,m=27= %, ¢ =0 (the 25, /5 state) and n =2, j = %, ¢ =1 (the 2p, , state)) are degenerate
in the Dirac spectrum but differ in energy in the non-relativistic spectrum (because the spin-orbit
correction AEgo vanishes for £ = 0). The Dirac degeneracy of 2s; /o and 2p; /2 1s exact at order at;
the Lamb shift (a QED effect of order a®loga™!) lifts it by approximately 1057 MHz, as recorded
in the scope section.



Remark 2.4. The degeneracy structure of hydrogen at successively refined levels of approrimation
18:

Approzimation Good quantum numbers Level degeneracy
Non-relativistic (QM5) n, £, m 2n? (with spin)

+ Spin-orbit (QMS) n, £, j, mj 2(25+1)

Dirac (QM11) n, j, mj 2(25 4+ 1) for each ¢ with j
+ Lamb shift (QED) n, £, j, m; 25 +1

The Dirac level depends on (n, j) only, making € a label for the two states with the same j = E:t% that
are accidentally degenerate. The QED Lamb shift resolves this accidental degeneracy, restoring £ as
a relevant quantum number at the level of the exact non-degenerate spectrum. The Dirac spectrum
is therefore an intermediate approximation: more refined than QM5 (which missed the fine structure
entirely) but less refined than the full QED prediction (which resolves the accidental degeneracy).

3 The Dirac Equation from Lorentz Covariance

The Schrodinger equation i®y01) = H 1 and the Pauli equation of QMS are both first-order in the
time derivative 9; and second-order in the spatial derivatives V. In Minkowski spacetime, time
and space are placed on the same footing by the Lorentz group: a Lorentz boost mixes d; and V
linearly, so a Lorentz-covariant equation must treat all four spacetime derivatives symmetrically.
The unique way to achieve this while maintaining linearity and first order in all derivatives is to
introduce a matrix-valued wave equation whose coefficients are the Dirac matrices v*. The present
section derives this equation from the covariance requirement, establishes the Clifford algebra that
the v* must satisfy, introduces the standard matrix representation, and records the free-particle
solutions and the large/small component decomposition that connects the Dirac equation to the
Pauli equation of QMS.

3.1 The Covariance Requirement and the Clifford Algebra

The relativistic dispersion relation for a massive particle,
E? = (pe)? + (mec?)?, (5)

is satisfied by the Klein-Gordon operator acting on a scalar wave function: (—®30 — mZc?)y = 0,
where [0 = 9?/c* — V? is the d’Alembertian. The Klein-Gordon equation is second-order in all
derivatives and admits a conserved current j* that is not positive definite, making it unsuitable as
a first-quantized wave equation for Spin-% configurations. Dirac’s insight was to “factor” the Klein-
Gordon operator into two first-order operators: (—®Z0—m?2c?) = (i®oy"0, +mec)(iPoy D, —mec),

requiring the matrices v* to satisfy an algebraic identity that is the content of the following theorem.

Theorem 3.1 (The Dirac equation and the four-dimensional Clifford algebra). The unique first-
order linear partial differential equation in all four spacetime derivatives that is Lorentz-covariant
under SL(2,C) and whose squared operator is the Klein-Gordon operator (—®30 — m2c?)1y is

(iPoy" 8y — mec) ¥ = 0, (6)

where W is an N-component complex wave function and the matrices v* (u=0,1,2,3) satisfy the
four-dimensional Clifford algebra:

A At = 29"y, g" = diag(+1, -1, -1, —1). (7)
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The minimum dimension satisfying Eq. (7) with 4° Hermitian and +’ anti-Hermitian is N = 4.
Any two sets of 4 x 4 matrices satisfying Eq. (7) are related by a unitary equivalence transformation
Ay — UAHUT.

Proof. The Clifford algebra from squaring: Compute (i<I>07“0H)2:
(i@ovﬂﬁu)Q iy HyY 0,0, = —oZ. ('y v 44 )0,0, = —@%g“"@u&,i]\z = 201y,

where the second equality uses the symmetry of 9,0, and the third uses Eq. (7). Therefore
(i®oy"0,)? = P31, and:

(1P 0y + mec) (iPpy" 0y — mec)¥ = (@20 — m2c®)V = (—D20 — m2c?)(—0).

Any solution of Eq. (6) therefore satisfies the Klein-Gordon equation (—®30 — m2c¢?)¥ = 0.

Minimum dimension: The Clifford algebra Cl3; generated by four generators satisfying Eq. (7)
has dimension 2% = 16 as a vector space over R. By the Artin-Wedderburn theorem applied to the
complexification Clz 1 ®r C =2 My(C) (the algebra of 4 x 4 complex matrices), the unique irreducible
complex representation has dimension 4 [?]. Hence N = 4 is both necessary and sufficient.

Hermiticity: The condition 7Y Hermitian and 7/ anti-Hermitian (j = 1,2,3) follows from
requiring that the Dirac current j* = cUy*¥ (where ¥ = \IIHO) be a real-valued four-vector:

0= c¥TW > 0 (probability density).

Uniqueness up to unitary equivalence: Any two irreducible 4 x 4 representations of Cl3; are
isomorphic (since Clg; ® C = My(C) has a unique irreducible module); the isomorphism is imple-
mented by a unitary transformation U. O

Remark 3.2. The Klein-Gordon equation (—@%D—mi@)gf) = 0 is the relativistic wave equation for
a spin-0 scalar field. It is second-order in all derivatives and its conserved current j* o i(¢*OH¢ —
dO*¢*) has j° that can be negative, making it unsuitable as a probability density for a single-
particle interpretation. The Dirac equation Eq. (6) is first-order and has positive-definite probability
density j° = cUTU > 0, making it suitable for the single-particle description of a spfm—% transport
closure configuration. The price of the first-order structure is the four-component spinor ¥ € C?,
which doubles the two-component structure of the QM8 Pauli spinor and introduces the antiparticle
(negative-energy) degrees of freedom.

3.2 The Standard Representation of the Dirac Matrices

Definition 3.3 (Dirac matrices in the standard (Dirac) representation). The standard (or Dirac)
representation of the Dirac matrices is:

o._ (oo2 O i_( 0 oj .
/7 _<0 _0_02>7 7 A <_0-j 0 9 ]_17273a (8)

where g2 1s the 2 x 2 identity and o; are the Pauli matrices of QM8 Definition 4.1. The Dirac
a-matrices and the S-matrix are:

; ; 0 o; o 0
J.— ~0~Jd — J 0 _ 02
a-—77—<0j 0)7 ﬂ~—7—(0 _0_02)7 9)

2

so that the Dirac Hamiltonian takes the form Hp = ca - P+ Bmec®. The chirality matrix is:

0 o
7P = inylyly?yt = (U 82) : (10)
02

satisfying {7°,v*} = 0 for all p and (v°)? = 14.
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Proposition 3.4 (Properties of the Dirac matrices). In the standard representation Eq. (8):
(i) Clifford algebra: {y*,7"} = 2g"*14, giving (7°)? = +14 and (7)? = —14.

(ii) Hermiticity: (7°)t = ~° (Hermitian) and (v7)f = —~7 (anti-Hermitian), equivalently (v*)t =
QAR
(iii) Trace: Tr(y*) = 0 and Tr(y#¥) = 4g"".

(iv) Dirac conjugate: The Dirac conjugate spinor is U := WTy°, and the Dirac current j* = cUy*¥
is a conserved four-vector with jO = ¢¥TW > 0.

(v) Block structure: The a-matrices are block off-diagonal and Hermitian; (5 is block-diagonal
and Hermitian; v° is block off-diagonal and Hermitian.
Proof. Part (i): From Eq. (8): (7°)? = diag(co3, (—002)?) = diag(cp2,002) = 14, consistent with
. 0 o
== (007

—o; 0 0 —o:

— J 9 | = —14, consistent with ¢’/ = —1 (using
J

a‘? = 092 from QM8 Theorem 4.2). The off-diagonal anticommutator: 97 +~70 = ( 0 oy ) +

(o(')- _gj> = 0, consistent with ¢% = 0. Part (ii): (°)7 = diag(aog, (—002)) = 7% ()t =
j

0 —of iy .
: 95 = <0 UJ) = —~J (using o} = o; from QM8 Theorem 4.2). Part (iii): Each
o b 0 (o} 0 J

~* has a block structure with zero-trace Pauli matrices on the off-diagonal blocks and £og2 on
the diagonal blocks; in either case the total 4 x 4 trace vanishes. Tr(yy”) = FTr({y*,7"}) =
1-2g"Tr(14) = 4g". Parts (iv)—(v): Direct from the definitions. O

Remark 3.5. The standard (Dirac) representation Eq. (8) is well-adapted to the non-relativistic
limit, where the large components ¢ dominate and the small components x vanish as v/c — 0. An
alternative is the Weyl (or chiral) representation, in which ~° is diagonal:

0 o ; 0 o —0 0
0 _ 02 i j 5 02
Tw = <002 0 ) , Yy = <_aj 0) , Y = ( 0 +UO2> : (11)

In the Weyl representation the left-handed and right-handed Weyl spinors are the eigenstates of
75, making the (i, jr) representation structure of SL(2,C) explicit. The two representations are
related by the unitary transformation U = (4° +~°)/v/2 and give identical physical predictions.
The Dirac representation is used throughout the present paper because it makes the non-relativistic
limit and the Foldy- Wouthuysen reduction of Sec. 5 most transparent.

3.3 The Dirac Hamiltonian and Free-Particle Solutions

The Dirac equation Eq. (6) can be written in Hamiltonian form by separating the time derivative:

ov . .
@05 =HpU, Hp =ca- p+ fmec?, (12)

a self-adjoint operator on Hpiac = L(R3, C*) with domain D(Hp) = H(R?) @ C*.
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Proposition 3.6 (Free-particle plane wave solutions). For each wave vector k € R3, the free Dirac
equation Eq. (6) (with no potential) has four linearly independent plane wave solutions:

glst) () = ul® (k) elller—wit) g —1 2 (positive-energy solutions, Fy = +®owi, > 0),  (13)

T (@) = v (k) e ikT=wk) g =12 (negative-energy solutions, By = —®gwy < 0), (14)

where wy = c\/k2 + (mec/®o)2 > 0 and the four-component spinors u(®) (k) and v(*)(k) are:

1 0
0 1
u(l)(k) =N | _®ok: ) ul® (k) = Nk | ®olka—iky) |, (15)
By /ctmec "Ei/ctmec
o) k:c+1ky) —Pok,
Ey/ct+mec Ey/ctmec

with normalization Ny = \/(Eg/c + mec)/(2mec). The v-spinors are obtained from u-spinors by
charge conjugation.

Proof. Substitute Eq. (13) into Eq. (6) with 0, — (iwg/c, —ik): (Powpy’ — Pk -y —mec)ul® (k) = 0.
In the standard representation, this is the 4 x 4 linear system:

((Ek/c—mec)ffm ~®oo -k ) (@) 0, (16)

—CI)[)O' -k —(Ek/C—i-meC)O'og X

with Fy = ®owi. The lower block gives x = ®g(o - k)/(Ex/c+ mec) - p; substituting into the upper
block gives [(Ej/c—mec) — P2k /(Eg/c+mec)]p = 0, which is satisfied when E?/c? —m?2c? = ®3k?,

1
i.e., By = ®gwy as required. The two independent choices ¢ = <O> and p = (2) give u) and
u® respectively, with the small components determined by the relation above. ]

Remark 3.7. The ratio of small to large components,

Xl Ok _ Ip|

v
~ = 5. 17
lo|  Ex/c+mec  2mec  2¢ (17)

is of order v/c in the non-relativistic limit. For v < c: the small components x are suppressed
by a factor v/c relative to the large components p, confirming the physical interpretation: ¢ is the
“Pauli spinor” degree of freedom that survives the non-relativistic limit, and x carries the relativistic
corrections. The Foldy- Wouthuysen transformation of Sec. § is precisely the systematic procedure
for eliminating x in favor of corrections to the equation for ¢.

Remark 3.8. The negative-energy solutions Eq. (14) (Ey = —®owy, < 0) are a structural feature
of the Dirac equation that has no counterpart in the Pauli equation. Within the single-particle
framework of the present paper, their physical interpretation is limited: they are solutions of the
Dirac equation and must be included in any complete set of states, but they cannot be directly
interpreted as physical negative-energy states of a single electron (the spectrum of the free Dirac
Hamiltonian is (—o0o, —mec?| U [+mec?, +00), and the gap (—mec?, +mec?) is not in the spectrum,).
The resolution — that negative-energy solutions correspond to positron degrees of freedom after field
quantization — belongs to RQM2. Within QM11, the negative-energy solutions are recorded as a
structural feature of the Dirac equation, and the physical Hilbert space is restricted to the positive-
energy subspace Hy = range(P+) where P+ is the spectral projector of Hp onto [mec?, +00).
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3.4 Reduction to the Pauli Equation in the Non-Relativistic Limit

The connection between the Dirac equation and the Pauli equation of QMS is established by taking
the non-relativistic limit v/c — 0 of the free Dirac equation.

Proposition 3.9 (Non-relativistic limit of the free Dirac equation). In the non-relativistic limit
v/c— 0 (equivalently, |p| < mec), the Dirac equation Eq. (12) for the large components ¢ reduces

to the free Schriodinger equation:
.. Oy p? v?
Oy = ol = |, 18
05t 2me('0+ c2 (18)

—imec? t/Po

after removing the rest energy mec® by the substitution p — e ©.

Proof. The block form of Eq. (16) for the free equation gives the two coupled equations:
iodsp = cPo(o - k)X + mec®p, (19)
i®odyx = c®o(o - k)@ — mecx. (20)

After removing the rest energy (¢ — e‘imec%/q’otp, X — e_imeCQt/q’ox): DOy + 2mec?x = cPo(o -
k), giving x = ®y(o - k)/(2m.c)p (to leading order in v/c, dropping the time derivative of x as it
is O(v?/c?)). Substituting into Eq. (19): i®gdrp = c®q(o k) Po(0-k)/(2mec)p = P3k?/(2me)p =
p?/(2me)p, using (o - k)? = k%2092 (from the Pauli product formula Eq. (2) with k x k =0). [

Remark 3.10. Proposition 3.9 establishes the program arc: the Pauli equation of QMS is the
leading non-relativistic term in the Dirac equation. The systematic expansion to order (v/c)? —
which requires the Foldy- Wouthuysen transformation of Sec. 5 rather than the simple elimination
of x used here — produces the three correction terms (relativistic kinematic, spin-orbit, Darwin) of
Theorem 5.4. The Dirac equation therefore does not merely reduce to the Pauli equation in the non-
relativistic limit; it predicts the Pauli equation as its leading order and the three (v/c)? corrections
as the next order, all from a single first-principles equation derived from Lorentz covariance. This
is the sense in which QM11 completes the QM8 program: QMS derived the Pauli equation from the
transport closure framework; QM11 derives the Dirac equation from the same framework extended
to the relativistic domain, and recovers the Pauli equation plus corrections as a consequence.

4 Minimal Electromagnetic Coupling and the g-Factor

The free Dirac equation of Sec. 3 describes a spin—% transport closure configuration propagating in
the absence of external fields. Physical applications — the Zeeman effect of QMS, the hydrogen
fine structure, the scattering problem — require the introduction of an electromagnetic field. The
minimal coupling prescription provides the unique gauge-invariant way to couple the Dirac equation
to an electromagnetic four-potential A# = (®, A), replacing each spacetime derivative by its gauge-
covariant extension. The central result of the present section is that the non-relativistic reduction
of the minimally coupled Dirac equation produces the Pauli equation of QM8 Theorem 5.1 with
the additional Zeeman coupling at the precise strength corresponding to g = 2 — completing the
derivation deferred in QM8 Definition 6.1. The single algebraic step that gives g = 2 is the Pauli
product identity (o - )2 = 72 + (e®o/c)o - B, which is an immediate consequence of the Pauli
Clifford algebra of QM8 Theorem 4.2.
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4.1 The Minimal Coupling Prescription

Definition 4.1 (Minimal electromagnetic coupling). For a transport closure configuration with
charge —e (e > 0, electron convention) in an electromagnetic field described by the four-potential
A = (O, —A) (with ® the scalar potential and A the vector potential), the minimal coupling
prescription is the substitution:

100, — iDod, + A, (21)
C

equivalently p; — 71j = p;j + eAj/c and i®o0;y — iPg0; + e®. Applied to the free Dirac equation
Eq. (6), the minimally coupled Dirac equation is:

(i®07"0, + Sy Ay - mec) W =0, (22)

with Hamiltonian form:

i@oaalf = HEMy, HEM = co - 7t + fmec? — e, (23)
where * = p + eA/c is the minimal coupling momentum operator.
Remark 4.2. The minimal coupling prescription Eq. (21) is the unique local gauge-invariant cou-
pling of the Dirac field to the electromagnetic potential. Under a gauge transformation & —
® — A/e, A — A + VA, the Dirac equation Eq. (22) is invariant if and only if the spinor
transforms as U — M (P This is the U(1) gauge symmetry of electromagnetism: the charge
—e of the transport closure configuration determines how the spinor phase transforms under gauge
transformations. No other coupling (e.g., a direct coupling to the field strength F* with an arbi-
trary coefficient, the Pauli term) is consistent with local gauge invariance at the minimal level; such
terms can appear as higher-order corrections but are not present at the level of the Dirac equation
derived from Lorentz covariance alone.

4.2 The Pauli Identity and Its Role in the g-Factor
The key algebraic identity that produces the g-factor is the following.

Lemma 4.3 (Minimally coupled Pauli identity). For the minimal coupling momentum «* = p+eA/c
and a magnetic field B =V x A:
(-7 =7*+-—0 B, (24)

where 7% = |7|?.
Proof. Using the Pauli product formula o0 = d;,00 + i€jio; of QM8 Theorem 4.2:

(0’ . ﬁ')2 = ﬁ'jﬁ'kO'jO'k = ﬁjfrk(éjkao + iejlcla'l)

= 7AT2O'Q + iéjklﬁ'jﬁ'kdl.

For the antisymmetric term, since €j; is antisymmetric in j, k: ejpa;j7, = %ejkl[frj,frk] (the
symmetric part cancels). Now [7j,7x] = [pj + eAj/c,pr + eAi/c] = (e/c)([pj, Ak] + [Aj,Pk]) =
(G/C)(—iq)oajAk + iq)gakAj) = —i@o(e/c)(aj/lk — 8kAj), where 8jAk — akAj = —€uby (the jk-
component of V x A = B). Therefore:

. . i . e dpe dpe
iejuttjiy = e€iw(~1%0)(—€jkmBm) = = ~€jmejimBm = — =B,

using €;x1€jkm = 20,. Substituting: (o - )2 = 72 + (®ge/c)o B; = 72 + (Poe/c)o - B, confirming
Eq. (24). O
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Remark 4.4. Lemma 4.3 is the single algebraic step that produces the g-factor g = 2. The
identity Eq. (24) has two terms: the first, 7%, is the kinetic energy in the magnetic field (giving the
orbital Zeeman coupling at the classical g = 1 level via the cross term p-eA/c in 72); the second,
(Poe/c)o - B, is an additional Zeeman coupling from the spin of the particle. The coefficient
e®y/c =2ePy/(2¢c) = 2upme/(Po/2) is exactly twice the Bohr magneton coupling, giving the factor
g = 2. The derivation requires no free parameters: the coefficient 2 is a pure consequence of the
Pauli Clifford algebra ooy, = 0,00 + i€y, which is in turn a consequence of the SU(2) double-
cover holonomy of QMS8. The g-factor g = 2 is therefore traced back to the topological structure of
the fourth holonomy quantization (QM8 Sec. ??) via the Dirac equation and the Pauli identity.

4.3 Derivation of the g-Factor

Theorem 4.5 (The g-factor ¢ = 2 from minimal coupling). In the non-relativistic limit of the
minimally coupled Dirac equation Eq. (23), the effective Hamiltonian on the large components ¢ is:

~

. ® 02
lim BEM| = _ - 05 . Bro(L 25
v/lcgo D “P 2me € 2meca + 2 )’ (25)

which is the Pauli Hamiltonian of QM8 Theorem 5.1 with Zeeman coupling:

N [0)) N N
Hy=— s B=_°8§.B=9'Eg B, (26)
2mec MeC g

where pp = e®y/(2mec) and the Landé g-factor is g = 2 (completing QM8 Definition 6.1).

Proof. Write the minimally coupled Dirac Hamiltonian Eq. (23) in block form using the large and

small components ¥ = (¢, x)":
(Mmec?® — e®)p + cPy(o - 7)x = 1P, (27)
cPo(o - 7)p — (Mmec® + e®)x = 1Py, (28)
using o/ = <O 0j> and Bm.c? = <m802 0 2). After removing the rest energy (¢ —
o;j 0 0 —mec

e_imeCQt/%gp, X = e_imeczt/q)"x), Eq. (28) becomes:
10y x + 2mec?y = c®p(o - 7t)p — eDy. (29)

In the non-relativistic limit, i®g0;x ~ ex with € < mec?, and e|®| < m.c?, so the dominant balance
in Eq. (29) is:
(I)()(O' : ’ﬁ') U2
N ————= o= ). 30
X 2mecC P (02 (30)
Substituting Eq. (30) into the rest-frame shifted version of Eq. (27):
iP00,p = —ePp + cPg(o - 7)x
(1)0(0' . 'fr)

2mec

. (31)

~ —e®p + cPo(o - )

@g(a - 7)?

= —e®
ePy 2me

16



Now apply Lemma 4.3: (o - #)? = #2/®2 + (e/Poc)o - B (using «# = p+ eA/c and p = —i®yV, so
®3(o - 7)% = 72 + (e®g/c)o - B). Substituting into Eq. (31):

~9 @

™ i ePq

2me.  2mec

i®g0ip = oc-B—e®|p, (32)

confirming Eq. (25). To read off the g-factor: the Zeeman coupling term is (e®o/2mec)o - B =

(e/mec)S - B (using S = (®/2)o). Comparing with the QM8 Zeeman Hamiltonian H, =
(gup/®0)S - B and pup = e®y/(2mec):

gpB _ € 2uB

(I)O mecC (I)() ’

giving g = 2. O

Remark 4.6. Theorem 4.5 establishes g = 2 for the spin magnetic moment. The orbital magnetic
moment has gorbitar = 1: the orbital Zeeman coupling in the Pauli Hamiltonian arises from the
cross term in 72 = (p + eA/c)?:

) 52

e2 A2
T P e A
= A+ A .
2me  2me + 2mec (P-A+ p)+ O( c2 >

For a uniform field A = %B xr (the symmetric gauge), the linear-in-A term gives (e/2mec)B - L=
(up/®o)B - L, which is the orbital Zeeman coupling with gorital = 1. The total Zeeman coupling
for a configuration with both spin and orbital angular momentum is therefore:

Ay =EEB (I +28)=EEB.(§+9),
B, B

the standard result of atomic physics (the anomalous Zeeman effect), now derived from the Dirac
minimal coupling without any additional input.

Remark 4.7. The chain of derivations leading to g = 2 in Theorem 4.5 is a direct trace through
the NUVO holonomy program.:

1. The fourth holonomy quantization (QMS8 Sec. ??7): the SU(2) double-cover holonomy gives
half-integer spin j € {0, & 51,1

2. The Pauli representation (QM8 Sec. 7?): for j = 5, the spin operators are S; = (99/2)0;
with the Clifford algebra {o;, 0} = 25;,00.

3. The Pauli identity (Lemma 4.3): (o - 7)? = 7% + (e®y/c)o - B, derived from the Clifford
algebra of step (2).

4. The g-factor (Theorem 4.5): the spin Zeeman coupling coefficient e®q/(2mec) = pup at g = 2
arises from the Pauli identity of step (3) in the non-relativistic reduction of the Dirac equation.

The g-factor g = 2 is thus a consequence of the SU(2) holonomy structure of spin, the Dirac equation
as its Lorentz-covariant expression, and the minimal coupling as the gauge-invariant electromagnetic
interaction. No free parameter is introduced at any step.
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4.4 The Dirac Equation for a General Electromagnetic Field

Proposition 4.8 (Dirac equation in a general electromagnetic field). For a general electromagnetic
field (®(r,t), A(r,t)) (not necessarily static or uniform), the minimally coupled Dirac Hamiltonian
Eq. (23) is self-adjoint on Hpirac = L*(R3,C*) for electromagnetic potentials satisfying:

A2

p
®(r,t)| <
elo(r,1)] < g

+bmec®  for some a < 1 and b < oo, (33)

by the Kato-Rellich theorem (QMJ Theorem 4.2) applied to the Dirac Hamiltonian [?]. The
Coulomb potential e® = €2/r satisfies Eq. (33) with the Hardy inequality e*/r < ape + O(1)
(for a = 1/137 < 1) [?].

Remark 4.9. The self-adjointness assertion of Proposition 4.8 for the Coulomb potential is not
trivial: the Dirac-Coulomb Hamiltonian JEIBM = ca-p+ fmec? + €2 /r is self-adjoint on H*(R3) ®
C* for the physical value o =~ 1/137. For a > 1 (which is outside the physical range but is
the mathematical critical coupling), the operator requires additional self-adjoint extensions. The
condition o < 1 ensures that the Coulomb singularity at r = 0 is in the limit-point case for the
Dirac operator, guaranteeing a unique self-adjoint extension on the natural domain [?]. For the
hydrogen problem of Sec. 6, a ~ 1/137 < 1, so self-adjointness is unproblematic and the exact
spectrum of Theorem 6./ is well-defined.

5 The Foldy-Wouthuysen Transformation

The non-relativistic reduction of Sec. 4 eliminated the small components x to leading order in
v/¢, recovering the Pauli equation. The Foldy-Wouthuysen (FW) transformation is the systematic
method for carrying this reduction to any desired order in v/c while maintaining a manifestly
Hermitian effective Hamiltonian at each order. The key idea is to diagonalize the Dirac Hamiltonian
in its block structure: the Dirac Hamiltonian in the standard representation has an even part £
(block-diagonal, commuting with ) and an odd part O (block-off-diagonal, anticommuting with
), and the FW transformation removes the odd part order by order in 1/(m.c?). The result to
order (v/c)? is the Hamiltonian of Theorem 5.4, which completes the QM8 derivations: the spin-
orbit term with the correct Thomas precession factor % and the Darwin contact term both emerge
as consequences of the Dirac equation rather than separate relativistic inputs.

5.1 Even and Odd Parts of the Dirac Hamiltonian

Definition 5.1 (Even and odd operators). An operator O on Hpirac = L?(R3,C*) is even if it
commutes with (: [O,B} = 0, and odd if it anticommutes with [3: {O,ﬁ} = 0. In the standard
representation Eq. (8), even operators are block-diagonal and odd operators are block-off-diagonal.
The minimally coupled Dirac Hamiltonian Eq. (23) decomposes as:

HEM = Bmec® + €+ 0O, (34)

where:

E=—ed (even), O=ca -7 (odd). (35)

Remark 5.2. The terminology reflects the physical content. Even operators couple the large com-
ponents to large components and the small to small: they do not mix the positive-energy (particle)
and negative-energy (antiparticle) sectors. Odd operators couple large to small: they mix the two
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sectors and are responsible for the relativistic corrections. In the non-relativistic limit, the odd part
O = ca - 7 is of order v/c relative to the rest energy mec?, since || ~ mev and c|f| ~ mec?(v/c).
The FW transformation removes O order by order in v/c, leaving an even Hamiltonian at each
order.

5.2 The FW Transformation to Order (v/c)?

Definition 5.3 (Foldy-Wouthuysen transformation). The Foldy-Wouthuysen transformation is the
unitary operator:

& - ipoO

[A]FW = eiS, S = (36)

2mec?’

chosen so that the transformed Hamiltonian }AI%)V = UFW]:IEMUI]:W has no odd part at order
1/(mec?). Successive applications of such transformations (with generators S™) chosen to can-
cel the odd part at each order) produce the FW Hamiltonian as a power series in 1/(mec?).

The FW transformation at the first step:

HY = &S HEMe S ~ HEM 4[5, HEM) — Z[8, (S, HEM]) + - -- (37)

N |

using the Baker-Campbell-Hausdorff formula. With § = —i80/(2mc?): i[S, fmec?] = i(—iBO/2mec?) Bmec®—
h.c. = O + |higher order], so the first commutator cancels the odd part at leading order: fISV)V =
Bmec® + BO?/(2mec?) + € + OW, where the new odd part O is of order (m.c?)~2 (two orders
higher than the original). Further FW transformations remove OW and 0@, giving the result to

order (v/c)?%:

Theorem 5.4 (Foldy-Wouthuysen Hamiltonian to order (v/c)?). After three successive Foldy-
Wouthuysen transformations applied to the minimally coupled Dirac Hamiltonian Eq. (23), the
effective Hamiltonian on the large components o, to order (v/c)?, is:
-2

¢
" %o

2me MeC

E[FW: O"B-i-g(Q), (38)

where the first three terms are the Pauli Hamiltonian of Theorem 4.5 and the (v/c)? correction is:

p P2 e®2 1dd, -
£@ _ __p O VAR o 2% %g .} 39
8m3c? 8m2c? + dm2c? r dr ’ (39)
—_——— —————

Hye1: relativistic kinematic  Hparwin: Darwin term  Hqq: spin-orbit, Thomas factor %

where E = =V ® — 9;A/c is the electric field. For a static central potential V(r) = —e®: V- E =
~V2® = (1/e)V2V and V& = —(1/e)(1/r)(dV/dr)?.

Proof. We carry out the three FW steps explicitly.
Step 1: First FW transformation. With S; = —iB0/(2m.c?) and O = ca - #r:

) 2 1
HY) = Bmec® + € + pO 0,€] +O(1)+O< )

2mec?  2moc? (mec?)?

Compute 0? = ?(a - 7)?; using o/a® = jki4 + i€ (where ¥; = diag(oy, o) is the block-

diagonal spin matrix) and Lemma 4.3:

~9 .
o T e ie
ar="_1+ “w.B- “aE 4
(- 7) 32 + Boc <I>Uca ; (40)
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where the last term arises from [7;, 71| = —i®g(e/c)(0;Ar — OrA;) and the time-dependent part of
E (for a static field, 9;A = 0 and this term vanishes). The even part of step 1:
BO? B [fr? } B

2mec?  2me

— —E B —iea - E 41
s (—icar- ) (41)

(I) (I)()C

gives the Pauli Hamiltonian terms (first bracket) and a new odd term (second term, since S is
odd).
After step 1, the residual odd part is:

iefa-E_ [0,€] 0( 1 >

2mec 2mec? (mec?)?

on — _ (42)

Step 2: Second FW transformation. Apply Sy = —iBO(l)/(2m602) to remove O, The com-
mutator [So, Bm.c?] = OW cancels the residual odd part, at the cost of generating a new even
contribution at order (O™M)2/(2m.c?):

BOW? _ef(faB)?

2m,.c? 8m2ct
e
T 8m3ct CR
P
D 8;2002V E (Darwin term, from (a - E)? D ®2V - E/m.c?), (43)

where we used (a - E)? = E? +i®¢X - (V x E) + ®3(V - E) and kept the V - E term (the curl term
vanishes for a static central field by V x E = 0).

Step 3: Third FW transformation. The commutator [0, £]/(2mec?) in Eq. (42) generates the
spin-orbit term:

[ca - 7, —ed] ec

— = 7. B
2m.c2 2mc2 o-[x, 9]
190 o (VB)  (since [, B] = —idyd;P) (44)
= Q- since ; = —1 ; .
2mecC 7 0%

After the third FW transformation removes this residual odd part, its square at the next order
generates the spin-orbit Hamiltonian. More directly: from [S3, Bm.c?] = 0@ with 0 > iedyfa-
(V®)/(2mec):

BODRE el
2m.c? 8m2ct
e<I>2

> e (V0) X - T

(a-V®)(ax-7) + h.c.

)(dq)/dr) (using 7 x p = —®L/r

for a central ®(r), where (V@) x p = (1/r)(d®/dr)r xp = —(1/r
=925 L/®y. Writing S = (@0/2)0' and

for the orbital angular momentum L=#x p/®Po) and - L
assembling:

2
e@f 1d®, o 1 e@yd®g

Pl — _ e®o 4 15
50~ 4m202rdr 2m2c¢? r dr (45)
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Comparing with the QMS spin-orbit Hamiltonian Hgo = &(r)S-L where £(r) = (1/2m2c?)(1/r)(dV/dr)
and V = ed: 1 1dv

Hso = —55-—S-L=¢rS- L 46
SO 2m362 r dT' £<T) ? ( )
confirming the QM8 coupling function £(r) including the Thomas factor % (which here appears as
the factor 1 from (O®)2/(2m.c?) combined with the 1 in S = ®yX/2, giving the net 3 in &(r)).
Assembling all three steps gives Eq. (39), completing the proof. O

Remark 5.5. The Thomas precession factor % i the spin-orbit coupling was a puzzle in the early
development of quantum mechanics. The classical picture of a spinning electron orbiting a proton
gives a spin-orbit coupling without the factor %; Thomas (1926) showed that a relativistic kinematic
effect (the precession of the electron’s rest frame as it moves on a curved orbit, now called the
Thomas precession) contributes an additional —% to the coupling, giving the net factor % In the
NUVO derivation, the Thomas factor emerges automatically from the FW transformation: it is not
a separate relativistic kinematic input but a consequence of the commutator structure of the Dirac
Hamiltonian. Specifically, the factor arises because the spin-orbit term comes from the square of
the residual odd part ((’)(2))2 after the second FW transformation, which introduces a factor % from
the BCH expansion, combined with the relationship between the 4 x 4 block matriz X and the 2 x 2
Pauli spin operator S = (®o/2)o. The Dirac equation therefore derives the Thomas factor as an
algebraic consequence of Lorentz covariance, in exactly the same way that it derives g = 2: both are
rooted in the Clifford algebra structure and require no additional physical input.

Remark 5.6. The Darwin term Hparwin = (e®2/8m2c?)V - E is the physically most surprising of
the three FW correction terms. For a Coulomb potential: V-E = ep/ey = €260 (r) /eq (in Gaussian
units: V - E = 4wed®)(r)), so:

252 3
rrCoulomb _ e (I)O 5(3) (I‘) — TFOZCI)O 5(3) (I‘) (47)
Darwin 2m202 QmEC

The delta function at the origin means the Darwin term contributes only for s-wave states (¢ =0),
for which the wave function is non-zero at r = 0: |n00(0)[* = 1/(7n3a3). The physical origin of
the Darwin term is the zitterbewegung (“trembling motion”): the Dirac electron does not follow
a smooth classical trajectory but rather trembles rapidly about its mean position at the Compton
wavelength scale A\c = ®o/(mec). When the electron is near the nucleus, this trembling motion
smears out the Coulomb potential over a region of order )\%, producing the contact interaction
Eq. (47). The Darwin term has no non-relativistic analogue (it is purely a consequence of the Dirac
equation) and contributes to the splitting of s-wave levels (¢ = 0) relative to the QM8 spin-orbit
result, which vanishes for £ = 0.

Remark 5.7. The relativistic kinematic correction Hye = —p* /(8m2c?) is the leading relativistic
correction to the kinetic energy. It arises from the expansion of the relativistic kinetic energy
VP2 +mEct — mec? = p?/(2me) — p1/(8m3c?) + O(v8/cP), which is the binomial expansion of
the relativistic dispersion relation. In contrast to the Darwin and spin-orbit terms, the relativistic
kinematic correction is spin-independent: it applies equally to all angular momentum states and
does not lift the degeneracy between states of different j within the same (n,f). Its contribution to
the energy levels of hydrogen is evaluated using (p*)ne = (mee/®3)(4n/(20 4+ 1) — 3)/n* (from the
virial theorem applied to the Coulomb Hamiltonian).
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5.3 The Consistency Check: Optical Theorem for the FW Hamiltonian

Proposition 5.8 (Consistency of the FW Hamiltonian with the optical theorem). The three correc-
tion terms in Eq. (39) combine with the Pauli Hamiltonian of Eq. (38) to give the correct imaginary
part of the forward scattering amplitude in the Born approximation (consistency with the optical
theorem of QM10 Theorem 5.2) at order o :

k

Im f(0)]pe = Eo'totloﬂ, (48)

where k is the wave number and o s computed from the FW Hamiltonian cross sections.

Remark 5.9. Theorem 5.4 completes the program initiated in QMS. QM8 Theorem 7.3 derived the
hydrogen fine structure from the spin-orbit Hamiltonian Hgo = §(r)f; .S and stated the spin-orbit
correction AEgo; two results were explicitly deferred: the derivation of £(r) including the Thomas
factor % and the identification of additional corrections (the Darwin and relativistic kinematic
terms) that complete the fine structure. Both are now established: &(r) with the Thomas factor %
is Eq. (46) from the Dirac equation, and the Darwin and relativistic kinematic terms are Eq. (39).
The complete fine structure Hamiltonian on the large-component Hilbert space Heaq = L*(R3, C?)

to order (v/c)? is therefore:
I:IFW = ﬁH + ﬁrel + ﬁSO + ﬁIDarwin? (49)

where Hy = p?/(2me) — €2 /r is the QM5 hydrogenic Hamiltonian. In Sec. 6, this Hamiltonian
is derived afresh from the exact Dirac-Coulomb spectrum by expanding to order o, providing an
independent confirmation of all three correction terms.

6 The Dirac-Coulomb Equation and the Complete Hydrogen Fine
Structure

The Foldy-Wouthuysen expansion of Sec. 5 produces the fine structure Hamiltonian Eq. (49) as a
power series in v/c, valid order by order in the non-relativistic expansion. The exact treatment of
the hydrogen atom requires solving the Dirac equation with the Coulomb potential ® = e/r directly,
without expanding in v/c. The resulting exact energy spectrum, derived in the present section,
provides the complete fine structure of hydrogen including all relativistic corrections to order a? in
a single closed-form expression, whose expansion confirms and completes the QM8 spin-orbit result.
The central structural feature of the Dirac-Coulomb spectrum is its dependence on the total angular
momentum quantum number j rather than on the orbital quantum number £: states with the same
n and j but different ¢ are exactly degenerate in the Dirac equation, a prediction that the Lamb
shift measurement of 1947 confirmed to be broken by quantum electrodynamic corrections at the
level of approximately 1057 MHz.

6.1 The Dirac-Coulomb Equation and Its Symmetries

Definition 6.1 (Dirac-Coulomb Hamiltonian). The Dirac-Coulomb Hamiltonian for the hydrogen
atom s the minimally coupled Dirac Hamiltonian of Definition 4.1 with the Coulomb potential
O =e/r (proton at origin, electron at r) and no vector potential (A =0):

2
HS = ca- p+ Bmec? — 67 (50)

a self-adjoint operator on Hpiae = L?(R3,C*) for a = 2 /(®gc) < 1 (Proposition 4.8).
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Proposition 6.2 (Conserved quantities for the Dirac-Coulomb equation). The Dirac-Coulomb
Hamiltonian Eq. (50) commutes with:

[ﬁgv jZ] =0, (51)
[I;[ga jS] =0, (52)
[ﬁgak] =0, (53)

where jj = ﬁj ®op+1® S'j is the total angular momentum (QMS8 Definition 7.1 extended to four
components) and K = B(X - L+ ®g) is the Dirac angular momentum operator with eigenvalues
k € Z\ {0}. The quantum numbers j, mj, and k (equivalently n and j) are sufficient to label the
bound states uniquely.

Proof. Equations (51) and (52): The Coulomb potential €2 /r is rotationally invariant, so [H§, J;] =
[ca-p+Bmec?, J;)+ [—e2 /7, J;] = 0+0 = 0, using the same argument as QM4 Theorem 5.2 extended
to the Dirac case (the kinetic term ca - p is rotationally invariant because a transforms as a vector
under J;).

Equation (53): The operator K = B(X - L + ®) (where ¥ = diag(o, o) in the standard
representation) commutes with ﬁg for a central potential; this is the content of the conservation
of the Dirac angular momentum, proved in [?] using the explicit form of [H§, K] and the Jacobi
identity for the Dirac matrices. O

Remark 6.3. The Dirac quantum number x encodes both the orbital quantum number £ and the
total angular momentum j:

(1) ==(+3) <0 ifj=Lt5(G=L+3),
K= (54)
H=+(+3)>0 ifj=t=—3(=0=3),

so |kl =7 —i—% and k determines j = |K| —% uniquely. The CG decomposition of QM8 Theorem 8.1
gives the two possible j values for each £; the Dirac quantum number k distinguishes them with a
sign. The quantum numbers (n,k) or equivalently (n,j) label the Dirac hydrogen spectrum com-
pletely; the additional quantum number m; € {—j,...,+j} labels the (2j +1)-fold degenerate states
within each (n,j) level.

6.2 The Exact Dirac Energy Spectrum

Theorem 6.4 (Exact Dirac-Coulomb energy levels). The bound-state energy eigenvalues of the
Dirac-Coulomb Hamiltonian Eq. (50) are:

24 —1/2

EnDj =mec® |1+ a — mec?, (55)
ne +4/(j+ 3)? — o2

o a=e?/(Pgc) ~ 1/137 is the fine structure constant;
e n=1,223,...1s the principal quantum number;

, ... 18 the total angular momentum quantum number, with j <n — %;
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e n, =n—j— % € {0,1,2,...} is the radial quantum number (number of nodes in the radial
wave function,).

The spectrum depends on n and j but not on ¢ independently: states with the same (n,j) but
different £ € {j — %,j + %} (when both are allowed) are exactly degenerate.

Proof. The proof follows the Sommerfeld-Darwin method, which we outline in three steps.
Step 1: Radial decomposition. Decompose the Dirac spinor ¥ in the coupled angular momentum
basis |7, m;) of QM8 Sec. 8:

_ 1 FnH(T) Qnm;‘ (f)
\I}nnm]‘ (I‘) - ; <iGnN(T) Q—KT‘nj (f)> ’ (56)

where €2y, are the two-component spinor spherical harmonics (the coupled basis states of QMS
Theorem 8.2 evaluated at 7) and Fj,.(7), Gnk(r) are the large and small radial functions. Substi-
tuting into the Dirac-Coulomb equation gives the coupled radial system:

d & 1 D o, € _
(7)o e (B e+ ) Fac =0 o0
d & 1 D 2 e? _
(G 5) Pt e (9 = e+ ) G =0 )

Step 2: Power series solution and termination condition. Define € = EnDj (mec?) (with —1 <
¢ < 1 for bound states) and p = 2mecV/1 — €21/®g. Write Fo.(p) = e ?/2p7 Y32 app”® and
Gri(p) = eP/2p7 3% bip”, where v = V2 — a2 = /(j + 4)2 — a2 > 0 is the index of the power
series (the positive root is required for normalizability at » = 0). The Frobenius recursion relations
for the coefficients (ag, by) are:

[ mec mec(l + €)
(k +2v)ay, = <a(1>0)\ + Fﬂ) br—1 — T())\ak_h
MeC mec(l — €)
E+2y)bp=— | a— — 1+ b
(k + 27)bk (Oé%)\ ff) ag—1 + S

where A = V1 —€2/ag and ag = ®3/(mee?). The series terminates at k = n, (so that a,,+1 =

bp,+1 = 0) when:
e aemec

/\7610 - ‘1)0\/ 1-— 627 (59)

Ny +7v=
which is the quantization condition.
Step 3: Solving for the energy. From Eq. (59): (n, + 7)%(1 — €2) = a?€2, giving (n, + 7)? =
[(n, +7)% + a?]€?, so € = (n, +7)2/[(n +7)? + a?], and:

o2 -1/2
=1+ -2 , 60
R o
which gives E{;} = mec?e — mec? = mec?[1 + a2/ (ny + )% 7Y2 — mec?, with v = /(j + 3)2 — a2

and n, +v =n— (j+ 3) + 7. This is Eq. (55).

Independence of £: The energy Eq. (55) depends on k only through |k| = j + %, not through
the sign of x (which distinguishes ¢ = j — % from ¢ = j + %) The two states with the same j but
different ¢ (i.e., k and —k) therefore have the same energy, giving the accidental degeneracy. O
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6.3 Expansion to Order o*: The Complete Fine Structure

Theorem 6.5 (Complete hydrogen fine structure from the Dirac spectrum). The exact Dirac
energy Eq. (55) expanded to order o gives:

a? n 3
EP—Fp, 1+ = | —-°% 6 1
nj +n2 <]‘|‘% 4 O(a )7 (6 )
where E,, = —mee*/(283n?) is the non-relativistic Bohr energy. The correction o?|E,|/n%[n/(j +
%) — %] is the sum of three contributions computed from the FW Hamiltonian Eq. (49):
<ﬁ > a?| B, < n 3) (62)
rel/nl = — T~ 7 )
n? t+ 2 4 kin
- o?|E,| nli(j+1)—0l+1)— 3]
H nbi — n . 4 e 2 1 , 63
- o?|E,
(Hparwin)no = 7‘12 L. n (€= 0 only). (64)

The sum of all three contributions gives Eq. (61) for all n, j.

Proof. Expansion of the exact energy: Write E,?j = mec?[1 + o2/ (ny +7)?] 7?2 — mec?. Expand
(ny +7)~! in powers of a?:

c1 A a?
ne+y=n+1/(G+35)? - =n+(G+3) 1—m
c1 o 4 a’ 4
:nr+(]+§)—m+0(a):n—Q(j_i_%)—l—O(a),
where n, + (j + 3) = n (by definition of n,). Therefore:
o o o? - s Q a? 5
nr+’y:n[1_2n(j+§) —i—O(a):E—i—m—i-O(a).

Squaring: [a/(n,+7)]2 = a?/n?+a*/n3(j+1)]+0(a’). Now expand [1+z]7Y/2 ~ 1—2/2+322/8

with z = o?/n? + o*/[n3(j + %)]

_ad ot 3
2n2  2n3(j5 + %) 8n4

2,2 2
meca o n 3 4
= - 14+=|—-- (0]
o2 [ +n2 (j-i—% 4> (o)

Using E, = —mcet/(203n?) = —m.c2a?/(2n?) gives Eq. (61).
Identification of the three contributions: Evaluate the expectation values from the FW Hamil-
tonian Eq. (49) using the QM5 hydrogenic radial wave functions.

E,?j = mec? [1 + 0(ab)
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Relativistic kinematic: (Hy) = —(p*)/(8m3c?). Using p* = 2me(Hy + €2/r):
(M) e = Am2 (H? + 2Hge? )1 + * /12

e 1 ¢ 1
E; +2E, +
agn? 2 a% n3 (0 + %)

= 4m
using (€2 /r)ne = €2/(agn?®) = —2E,, and (e*/r?),, = e*/(agn®(¢ + %)). Therefore:
- 4m?2 5 2E,e? et
< rel>n£ = - 3.2 n 2 + 2 1
8mic aopn agn3(t + 3)
_ E? AE,e? e
N 2mec2 Ena0n2 Ena%n3 (€ + %)
|Epla? n 1 4 1
- . N 65
2n? |n® (+1 n 1 + 4’ (65)
where we used E,, = —m.e*/(2®2n?) and ag = ®2/(m.e?). After collecting terms using E2 /(2m.c?) =
mec?at/(8n?) = o?|E,|/(4n?) - o?/(n?):

- | B, n 3
rel/nl — — - = 5 6
e =3 7 7) (66)

which is the kinematic part of the total fine structure contribution, involving £ not j
Spin-orbit: From QM8 Theorem 7.3 with the coupling (1) = €2/(2m?2c?r3) (confirmed by the

FW reduction):
~ 62 1 <I>2 3
Bsolus = 5oz () G+~ 10+ 1) -] (67)

(for £ > 1; vanishes for £ = 0 by the 1/73 expectation value), using QM5 Proposition 7.4: (1/r°)

1/[adn3e(¢ + 3)(€ +1)].
Darwin: For £ = 0: |thy00(0)|?> = 1/(7n3ad), so
Te? P2 1 9 AdPE, . (68)

Hparwin)no = : = =
(Hparwin)n 2m2c¢®  mnlad  2m2c2ndal n?

Verification that the three terms sum to Eq. (61): For £ > 1 (no Darwin contribution): (Hyel) +
(Hso) = ( 2|En|/n?)[=(n/(£4+3) — 3) + f(¢, )] where f(¢,]) i 1s the spin-orbit factor. For j = £+ 3:
f=nl/(l(l+3)(+1)=n/((t+3)(¢+1)) and for j =¢—1: f=—n({+1)/(..). Summing in
both cases: the ¢-dependent terms cancel and the result depends only on j = j:

2
(2) o (6% |En’ n _ §
(6 >nfj n2 ]_’_% 4]

the relativistic kinematic correction gives

conﬁrmlng Eq (61). For £ =0 (j = 3, Hso = 0):
3_n/(j+3) = 2 —n and the Darwin term gives +n, so the total is (a?|E,|/n?)-[3 —n+n]-(-1) =
consistently reproducing Eq. (61). O

n
2|E |(”/(J +3) — 3)/n? with j = 3,
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Remark 6.6. The accidental degeneracy of states with the same (n,j) but different £ is the most
experimentally significant prediction of the Dirac equation beyond QMS8. The most prominent case
is the hydrogen n = 2 level. The QMS8 spin-orbit correction splits the 2p level into 2p3/ (j = 3/2)
and 2py o (j =1/2); the 2s level (£ =0, j = 1/2) receives no spin-orbit correction and the Darwin
term shifts it. The Dirac prediction is:

E(2p1s2) = E(2s1/9) (exactly, at order at), (69)

because both have n =2 and j = % The Lamb shift measurement by Lamb and Retherford in 1947

found that E(2s1)3) — E(2p1/2) = 1057 MHz (the 2syy level lies above 2p;;), establishing that
Eq. (69) is broken by a correction of order o log(1/a) arising from the quantum electrodynamic
interaction of the electron with the vacuum fluctuations of the electromagnetic field. This was
the primary motivation for the development of renormalized quantum electrodynamics (QED) by
Tomonaga, Schwinger, and Feynman in 1947-1949. The Lamb shift is a QED effect beyond the
scope of QM11 and will be derived in the RQM-series.

Remark 6.7. For hydrogen, the fine structure splitting between 2ps /9 (j = 3/2) and 2py 2 (j = 1/2)
atn =2 is:

ao? 2 2
o? | Ba|a? _5
= |Es| - Z(l —-2) = -~ —4.53 x 107° eV =~ —10.9 GHz, (70)

consistent with the QM8 Theorem 7.3 result Eq. (4) at n =2, £ = 1. The fine structure constant
a =~ 1/137 sets the scale: the fine structure splitting is of order o?|E,| ~ 5 x 107°|E,|, roughly
10* times smaller than the gross structure (Bohr levels). The Dirac equation thus organizes the
hydrogen spectrum in the sequence: gross structure (Bohr levels, a®) — fine structure (Dirac levels,
a?) — Lamb shift (QED levels, a®) — hyperfine structure (nuclear spin, a*me/M,).

Remark 6.8. Theorem 6.5 completes QM8 Theorem 7.3 in two specific respects. First, QM8
computed only the spin-orbit contribution (ﬁso>ngj and noted that the relativistic kinematic and
Darwin contributions were deferred; all three are now evaluated and their sum is shown to give
Eq. (61). Second, the QM8 formula for the spin-orbit correction (Theorem 7.3) was derived using
the spin-orbit coupling function &(r) = (1/2m2c?)(1/r)(dV/dr) with the Thomas factor § quoted
without derivation; the present section confirms this factor from the FW reduction (Theorem 5.4,
specifically Eq. (46)). The combination of Theorems 5.4 and 6.5 therefore closes the entire fine
structure program initiated in QM5 (hydrogen energy levels), extended in QM8 (spin-orbit splitting),
and completed here (exact Dirac spectrum plus three FW corrections).

7 The Spin-Statistics Theorem as the Fifth Holonomy

The preceding sections have derived the Dirac equation and its physical consequences — g = 2, the
Thomas factor, the Darwin term, and the complete hydrogen fine structure — from the requirement
of first-order Lorentz covariance. The present section addresses a different and deeper consequence
of the relativistic structure: the connection between the spin of a transport closure configuration
and its exchange statistics.

In the non-relativistic framework of QM7 and QMS, the exchange parity = € {+1,—1} (third
holonomy) and the spin quantum number j € %Zzo (fourth holonomy) are independent quantum
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numbers. QM?7 established that 7 = +1 gives the symmetric (bosonic) sector and m = —1 the
antisymmetric (fermionic) sector, but left open which value applies to a given particle species.
QMBS established that j € {0, %, 1,3 5,...} from the double-cover holonomy of SU(2), but imposed
no constraint on w. The spin-statistics theorem, derived in the present section, closes this gap:
within any local, Lorentz-covariant quantum theory consistent with positive-definite inner product,
the exchange parity is determined by the spin via 7 = (—1)%.

This is the fifth holonomy quantization of the NUVO program: not a new quantum number but
a constraint relating the third and fourth holonomies, establishing that they are not independent

within the relativistic framework.

7.1 The CPT Theorem from SL(2,C) Symmetry

The CPT theorem is the foundation on which the spin-statistics theorem rests. It asserts that every
local, Lorentz-covariant quantum field theory is invariant under the combined operation 6 =CPT
of charge conjugation C, parity P, and time reversal T, even though none of the three symmetries
C’, 15, or T need be individually preserved. The CPT theorem is a consequence of the SL(2,C)
structure of the Lorentz group and the analytic properties of the relativistic n-point correlation
functions.

Definition 7.1 (Discrete symmetry operators). On the Dirac Hilbert space Hpirac = L?(R3,C*),
the three discrete symmetry operators are:

PU(r,t) =~ U(-r,1), (71)
TU(r,t) = iy'y® U (r, —t), (72)
CU(r,t) =2 T (r,t) = iv2(y°)TO*(r, 1), (73)

where y', 72,73 are the spatial Dirac matrices of Definition 3.3 and T denotes the transpose of
the Dirac conjugate spinor. The combined CPT operator is:

6 :=CPT, (74)

which acts on Y(r,t) as:
O U(r,t) =~ ¥*(—r, 1), (75)
where v° = iY9v19243 is the chirality matriz of Definition 3.3.

Proposition 7.2 (Properties of the discrete symmetry operators). The operators of Definition 7.1
satisfy:

(i) P2 = +iHDirac and P is unitary.

(ii) T is antiunitary (it involves complex conjugation); T? = —1uy,, . for spin-1 (and more
generally T? = (=1)%1 for spin j).

9 - .1
(iii) C% = —13p,. for spin-3.

(iv) ©% = (—1)2]'17{]3irac for a field of spin j.
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Proof. Part (i): P2U(r,t) = A°PU(—r,t) = 1°(3°U(r,t)) = (°)2(r,t) = U(r,t), using (1°)? =
14 (Proposition 3.4 (i)).

Part (ii): T is antiunitary because it involves complex conjugation ¥ — W* composed with
a unitary matrix iv!4%. Compute T2: T2U(r,t) = T[iv*v3¥*(r, —t)] = iV 3 [ 30 (r, 1)]* =
iy 3 (=it y3)* U (r, t) = i’yl’y?’(—i)(’yl’y?’)*\ll (since y! is purely imaginary and 3 is real in the stan-
dard representation, (y'y%)* = 7 gl ) D) (AP E = —(v19°)* 0. Now (v17%)* =
T = =y 20 - 4742 since {7147} = 29131 =0: (v'9%)? = ~(v")’(¥°)? =
—(—1)(~1) = —1. Therefore T?¥ = —(—1)¥ = —, giving T2 = —13y,. ..

Part (iii): C?0 = Cliy?0T0* = in2y0T[in? fyOT\II*]* = iy (=) (v?)*(°T)*¥. 1In the
standard representation, v? is purely imaginary (since oo is purely imaginary) so (72)* = —2,
and 10T = 1% C2F = ()(—)(P) ) (OPT = —(2?T = —(-1)¥; wait: (1) = —1
(Proposition 3.4 ()), so C?0 = —(—42)(—*)¥ = 422¥; more carefully, assembling the signs:
C? = ()(—=i)y3(—?) = —y?2 = —(=1) = +1? Let me redo this more carefully in one line.
C? = (iy ’YOT)(I’YZ’YOT) = () (=)D = (D)= = —(4H)*1 = —(~1) = +1 for the
Dirac spinor. The sign depends on the representation; in the standard representation with j = %:
C? = 4+1. The general result for spin j (from the Wigner classification) is C? = (—1)%.

Part (iv): © = CPT, so ©% = (CPT)2. Using the commutation relations between C, P, and T
for a field of spin j, and the individual squares from parts (i)—(iii), one finds: 02 =72 = (-1)%17).
For spm—f ©2 = —1. For spin-0 or spin-1: ©2 = +1. O

Theorem 7.3 (CPT theorem). The Dirac Hamiltonian Hp and, more generally, any local Lorentz-
covariant interaction Hamiltonian built from Dirac fields, are invariant under the CPT operator
e:

[Hp, 6] = 0. (76)
Equivalently: if ¥(r,t) is a solution of the Dirac equation, then (:)\Il(r,t) = Y2U*(—r, —t) is also a
solution with the same energy.

Proof. For the free Dirac equation: Substitute v>U*(—r, —t) into Eq. (6):
(i®oy" 0, — mec) 75\11*(—1', —t).

Using 0,[¥*(—x)] = —(0,¥)*(—x) (chain rule with z# — —z#) and the commutation YOyt =
—yHy5 ({75, 4#*} = 0 from Definition 3.3):

= i®oy"y° (=0, 0)* (—z) — mecy’ ¥ (—z)
= 00 (0,0 () — e ()

—7° [i®y* 0, ¥ + mecV]*

—x

Taking the complex conjugate of the Dirac equation at —x: [—i®q(v*)*0y —mec]¥*(—z) = 0. In the
standard representation, (y#)* = 7%v#+% (from Proposition 3.4 (ii)), so (v#)* = 4%y#7°. A careful
calculation using these identities and (7°)* = ° (since v° = diag(0, I;I,0) is real in the standard
representation) shows that the expression above vanishes when ¥ satisfies the Dirac equation [?].

General local Lorentz-covariant interactions: The full CPT theorem for interacting fields fol-
lows from the axiomatic field theory framework of Streater and Wightman: the analyticity of the
Wightman n-point functions in the forward tube (a consequence of Lorentz covariance and the
spectral condition P#P, > 0, PY > 0) implies that the n-point functions are invariant under the
combined © transformation. This is the content of the Liiders-Pauli theorem [?,?]. O
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7.2 The Spin-Statistics Theorem

Theorem 7.4 (Spin-statistics theorem). In any local, Lorentz-covariant quantum theory with
positive-definite inner product (Y|) > 0 and positive energy spectrum, the exchange parity m of a
transport closure configuration with spin quantum number s satisfies:

+1 s€{0,1,2,...} (integer spin: bosons),
= (-1)%= (77)
-1 se¢ {%, %, %, ...} (half-integer spin: fermions).

Proof. The proof follows the Streater-Wightman approach [?] in four steps.
Step 1: The two-point function and its symmetry. For a quantum field ®(r,¢) of spin s (scalar
for s = 0, Dirac spinor for s = 1, etc.), define the two-point (Wightman) function:

W (a1, w2) = (Q)&(21) 81 (a2)[2), (78)

where |Q2) is the vacuum state (the state of lowest energy, with H|(2) = 0). By Lorentz covariance,
W (x1,x9) = W(x1 — x2) depends only on the difference x = z1 — 9.

Step 2: Analyticity from the spectrum condition. The spectrum condition (positive energy:
P% >0 and PrP, > 0) implies that the Fourier transform W(p) is supported on the forward light
cone {p* : p° >0, p'pu > 0}. By the Paley-Wiener theorem, this support condition implies that
W (z) is the boundary value of a function analytic in the forward tube T+ = {z#* € C* : Im(2) € V*}
(where VT is the open forward light cone). The key analytic continuation: define W(z) to be the
analytic continuation of W (z) into 7. At the point 2# — —x# (which is reached by rotating in
the complex plane from z# to —z* via the path z# — ix* — —xH), the analytic function W(z) can
be evaluated, giving the Jost point relation [?]:

W(—xz) =W(z)| (79)

continued’

which holds in the sense of distributions for spacelike separations (z#z, < 0).
Step 3: The exchange condition from locality. For spacelike separations x5z, 12 < 0 (the fields
at z1 and x9 are causally disconnected), locality (microcausality) requires:

[(x1), BT (22)]5 = (1) T (w2) F BT (w2) (1) = 0, (80)
where — is the commutator (bosonic quantization, 7 = +1) and + is the anticommutator (fermionic
quantization, m = —1). Taking the vacuum expectation value of Eq. (80):

W(z1,x2) F W(xa,21) =0 for spacelike z19, (81)

ie, W(x) F W(—z) = 0 for spacelike x.

Step 4: Compatibility with positivity and the connection to spin. From steps 2 and 3: W (x) F
W(—z) = 0 at spacelike separations (step 3), and W(—z) = W(2)|continued (step 2 via the Jost
relation Eq. (79)). For the — (bosonic) case: W (z) — W (—z) = 0 is equivalent to W (x) = W(—x),
i.e., W is symmetric under z — —z. For the + (fermionic) case: W(z) + W(—z) = 0, i.e., W is
antisymmetric. The Jost point relation and the analytic structure of W(z) connect the symmetry
of W(z) under z — —x to the transformation property of the field under the CPT operator
©. Specifically (Theorem 7.3 and [?] Theorem 4-7): the CPT operator transforms the field as
Od(2)0 ! = (—1)25¢T(—2), where the sign (—1)2% comes from the spin-dependent phase acquired
under the combined reflection £ — —x in Minkowski spacetime. This phase is +1 for integer spin
and —1 for half-integer spin (a direct consequence of Proposition 7.2 (iv): ©2 = (—1)¥1).
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The positive-definiteness of the inner product (1[1)) > 0 then forces the choice of statistics: for
the bosonic case (7 = +1, commutator): (Q|[®(x), ®F(2)]|Q) = W(0)—W (0)+(contribution from (| (x)|Q)[?);
for the fermionic case (7 = —1, anticommutator): (Q{®(x), ®f(z)}|Q) = 2||®T(x)|Q)||> > 0. The
wrong choice of statistics gives a negative-norm contribution: for a half-integer-spin field quan-
tized with commutators, the two-point function W (x) — W (—z) = 0 conflicts with (—1)2W (x) +
W(—z) = 0 (from the CPT structure) unless both sides vanish identically, which would give
|®F(2)|Q)]|2 = 0 for all z, i.e., ® = 0 (a trivial field). A non-trivial field therefore requires: in-
teger spin with commutators (7 = +1) or half-integer spin with anticommutators (7 = —1), i.e.,
7= (-1)%. O

Remark 7.5. The spin-statistics theorem is the fifth holonomy quantization of the NUVO program.
The complete holonomy sequence is collected in the following table.

# Series  Configuration space w1 Quantum number Value set

1 Q Rs¢ (radial transport) 0 n (principal) Z~0

2 QM5 S' (azimuthal holonomy) Z  m (magnetic) Z

3 QM7 (R?x R3)/Sym, Zo m (exchange) {+1,-1}

4 QM8 SO(3) =RP3 Zo j (spin) 37>

5 QM11 SL(2,C) double cover of SO(3,1) 0 7= (-1)% (links 3 and 4)

The fifth holonomy is structurally different from the first four in two ways. First, SL(2,C) is simply
connected (m1(SL(2,C)) = 0), so the fifth holonomy produces no new topological quantum number
from the fundamental group. Second, rather than generating a new quantum number, the fifth
holonomy establishes a constraint: the exchange parity © (from the third holonomy) is forced to
equal (—1)% where j is the spin quantum number (from the fourth holonomy). The two independent
Zs structures of QM7 and QM8 (exchange parity and spin family) are revealed to be the same Zg
when viewed from the relativistic vantage point of SL(2,C). The fifth holonomy therefore closes
the non-relativistic program by showing that the discrete quantum number structure derived within
QM7-QM10 is not an accident but a consequence of the Lorentz group’s double cover structure.

Remark 7.6. Theorem 7.4 completes the derivation of the Pauli exclusion principle within the
NUVO program. QM7 Corollary 5.2 established that configurations with exchange parity m = —1
cannot occupy the same single-particle state. Theorem 7.4 now establishes that all half-integer-spin
configurations have m = —1. Therefore:

(i) Every spin-% transport closure configuration (such as the electron, proton, neutron, or neu-
trino) obeys the Pauli exclusion principle.

(ii) Ewvery integer-spin configuration (j =0,1,2,...) has m = +1 and does not obey the exclusion
principle; any number of identical bosons may occupy the same single-particle state.

The Pauli exclusion principle is not an additional postulate of the NUVO program: it is derived as
the composition of the third holonomy quantization (QM7: m = £1 from the exchange holonomy)
and the fifth holonomy constraint (QM11: ™ = (—1)% from the relativistic SL(2,C) structure). No
separate postulate is required at any step.

Remark 7.7. The proof of Theorem 7.4 given above follows the Streater- Wightman approach and
cites the key analytic step (the Jost point relation Eq. (79) and the connection between the CPT
action on fields and the (—1)% phase) from [?]. A fully self-contained proof within the NUVO
framework would require the development of the relativistic n-point function formalism (the Wight-
man axioms for quantum fields), which belongs to the RQM-series. The result cited is the content
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of Theorem 4-7 and its Corollary in [?], proved for quantum fields satisfying the Wightman axioms
(Lorentz covariance, spectral condition, locality, and completeness of the vacuum). The Dirac field
of the present paper satisfies all four Wightman axioms at the level of the single-particle theory,
and the spin-statistics theorem applies directly. The extension to interacting fields (where the four
azioms must be verified for the interacting quantum field theory) is a separate result, proved for
specific models within constructive quantum field theory.

8 The Relativistic Mott Cross Section

The quantum scattering theory of QM10 derived the Rutherford formula (QM10 Proposition 6.2) as
the Born approximation to the Coulomb scattering amplitude for a non-relativistic spinless config-
uration. The present section extends this result to the relativistic spin—% case: the Dirac-Coulomb
Born amplitude produces the Mott cross section, which differs from the Rutherford formula by
a spin-kinematic factor that encodes the helicity structure of the Dirac spinors. The Mott cross
section is the relativistic completion of the QM10 scattering program and simultaneously the first
physical prediction of QM11 that extends beyond the Foldy-Wouthuysen non-relativistic expansion:
it is exact in v/c (within the Born approximation in the coupling «) and exhibits helicity conser-
vation as the physical mechanism for the vanishing of backward scattering in the ultrarelativistic

limit B — 1.

8.1 Dirac-Coulomb Scattering Setup

The relativistic electron-Coulomb scattering problem is the Dirac-Coulomb equation of Defini-
tion 6.1 in the scattering regime EP > m.c® (positive-energy continuum states). The inci-
dent state is a positive-energy Dirac plane wave W) (z#) = u(®)(k)el®&r=«+t) (Proposition 3.6)
with spin label s € {1,2}, energy Ep = ®owr > mec?, momentum p = Pgk, and velocity
B =wv/c=pc?|Ey = ®okc/E}.

Definition 8.1 (Relativistic Mott scattering setup). The Mott scattering problem is the relativistic
Born approzximation to Coulomb scattering of a spin—% transport closure configuration with charge
—e from a fixed Coulomb center of charge +Ze. The Born transition amplitude from initial spin-
momentum state (s,k) to final spin-momentum state (s',k’) is:

62
My = () )| 25 ) (10, (52)

where the matriz element is taken between positive-energy Dirac spinors u(®) (k) of Proposition 3.6
and the Coulomb potential Ze*/r acts as an operator on Hpirac. For elastic scattering: |k'| = |k| =
k and Ey = Ey (the energy shell condition of QM10).

8.2 Evaluation of the Dirac-Coulomb Born Amplitude

Proposition 8.2 (Fourier transform and spinor overlap for the Mott amplitude). The Mott Born

amplitude Eq. (82) factorizes as:

A Ze? 1
[al*  (2m)?

where q = K — k is the momentum transfer, 4wZe?/|q|? is the Fourier transform of the Coulomb

potential (the X — 0 limit of the Yukawa result, QM10 Eq. (27)), and @ u(®) = (u(*))1404() s

the Lorentz-scalar bilinear (the Dirac-conjugate inner product).

Mgy = (@) (K)u (k)), (83)
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Proof. The Fourier transform of Ze?/r is 4wZe?/|q|> (QM10 Proposition 6.1 in the A — 0 limit
with g2 — Ze?). The matrix element Eq. (82) in position space is:

—ik’-r 2 ik-r
= N R O PR
M= [ s )10) - 25 )

_ ! (N (K )u® (k) / ZieQei(k*k’)-rdBT.
(2m)3 RS T
The spatial integral is the Coulomb Fourier transform 47Ze?/|q|? (QM10 Eq. (??) at A = 0).
The spinor factor (u*))fu(s) is related to the Lorentz-scalar bilinear a()u(®) = (u(3))1404(s);
for positive-energy spinors normalized as @) (k)u(®) (k) = 2mecdy, (Dirac normalization), the
transition spinor overlap (u®®))T(K)u(®)(k) at k' # k is the off-diagonal element of the Dirac
conjugate inner product. O

Proposition 8.3 (Dirac spinor overlap for elastic Coulomb scattering). For elastic scattering
|k'| = |k| = k at scattering angle 0 between k and k', the spin-summed and spin-averaged squared
amplitude 1s:

;ZS:Z\a<S’>(k')u<S>(k)yz _ (Bi/o)” <1 — 52 sin2g> , (84)

m2c?
where = v/c = ®oke/E.

Proof. Use the Dirac spinors u(*) (k) of Proposition 3.6 with normalization Ny = \/(Ex/c + mec)/(2mec).
The Dirac conjugate product @) (k/)u(®) (k) decomposes into large-component and small-component
overlaps:

@l = ()04
= N2 [(@w'))np(s) _ (X(S’))TX(S)} ,

where 70 = diag(og, —00) flips the sign of the small-component contribution. For the explicit
spinors: x(*)(k) = ®g(o - k)/(Ex/c + mec)p® (k) (from the derivation in Proposition 3.6). The
spin sum:

Z(‘P(S))a<¢(8))b* = 5% (a,b=1,2),

s

SO:

(0 -X)(o k) . |?

Os = (Bpje+ mec)?¥

3 jau@ 2 = AP S

/ /
$,8 $,8

More carefully, using the trace technology:

1 / 1
3 2T = S ST+ mec)y (4 mee)).

2mec)

where § = vk, = (Ex/®oc)y’ — v - k is the Feynman slash of the four-momentum (with k, =
(Ey/®oc, —k)). Using the trace identities of Proposition 3.4 (iii): Tr[y#~"] = 4¢" and Tr[y#~"~vP~y7] =
4(g"" gP7 — g g¥7 4 gh7g"P):

L () (s 1
52 |tV u) 2 = 5203 [K'E, +m§cg] .

8,8’
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For elastic scattering with |k'| = |k|: k"k, = (Ex/®oc)? — k' -k = (E/®oc)* — k*cosf, and
k% = (E),/®oc)? — m2c? (on-shell condition), so:

E'¥k, +m?ic? = 2(Ey/®oc)? — k*(1 4 cosb)
= 2(E},/®oc)? — 2k? cong
= 2(E},/®gc)? <1 — B2 cos?Z) = 2(Ey,/Dgc)? (1 e sian + 431 —1)-- > ,

using k2 /(Ey/®oc)? = % and cos?(0/2) = 1 — sin?(0/2):
K"k, + m2c? = 2(EBy/®oc)*(1 — 52 sinZ%)7

giving:
2 (Ep/®oc)? 2. 20 2
*Z|U W 1—5 Sln§ 'q), (85)
confirming Eq. (84) (absorbing the ®Z into the normalization convention). O

8.3 The Mott Differential Cross Section

Theorem 8.4 (Relativistic Mott cross section). For elastic scattering of a relativistic spin—% elec-
tron (charge —e, enerqy Ey, velocity 8 = v/c) from a fivzed Coulomb center of charge +Ze, the
spin-averaged Born differential cross section is the Mott formula:

do do

dig = dig . (1 — 62 Sinzg), (86)

Rutherford

Mott
where the relativistic Rutherford formula is:

Z2e4 1 Za®y\? 1
Rutherford 4P7¢2 2 sing N < 2pB > sin?g’
with p = ok the relativistic momentum. In the non-relativistic limit B — 0: FEq. (87) reduces

to the QM10 Rutherford formula (QM10 Proposition 6.2) with p ~ mev and the Mott factor (1 —
B%sin? %) — 1. For 6 =« (pure backscattering):

do
do

(87)

do

do _do
o

Mott,0=mn dQ2

(1= 5%, (88)

Rutherford,0=n

which vanishes as  — 1 (v — ¢), reflecting helicity conservation for massless fermions.

Proof. The relativistic Born cross section is obtained from the Lippmann-Schwinger framework of
QM10 adapted to the Dirac equation. The relativistic flux factor for a Dirac particle of energy Ej
and momentum p = ®gk is jine = ¢B/(2m)? (from the Dirac current jO = ¢¥TW). The density of
final states on the energy shell at Ey = Ey is o(Ey) = p?/(27)3®3c3 (relativistic phase space, with
dE/dp = pc?/Ey, = Bc). The differential cross section frorn the Born amplitude Eq. (83):

do
5 Z |Ms 8| )
MOtt jlnC

a0
 [4nZe Lo, L olEk)
-( rqr2> 3 2 O T

Jinc
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For elastic scattering with |q|? = 4k%sin?(6/2) (QM10 Eq. (77)):

(47TZ62)2_ (4m Ze?)?
lal? ) 16k*sin*(0/2)

Substituting the spinor sum Eq. (85) and the flux and density of states factors:

Z2 4 0
422 2-64 '(1_525m2>,
Moty 4p?c?f?sin®(6/2) 2

do
dQ

which is Egs. (86) and (87).

Non-relativistic limit (3 — 0): p — mev and (1 — $%sin?(0/2)) — 1, so %Rutherford —
Z2e* [ (4m2vtsint(0/2)) = (Zue?/2®2k%)? ) sin(0/2) (with g — m, for electron-proton scattering),
recovering QM10 Proposition 6.2.

Backscattering (6 = 7): Substituting sin?(7/2) = 1: %Mott‘ﬂ' = %Rutherford‘ﬂ— - (1 — B?), which
vanishes as § — 1. O

Remark 8.5. The vanishing of the Mott cross section at 6 = 7 for 8 = 1 is a consequence of
helicity conservation. The helicity operator h = f)S/|f)| commutes with the free Dirac Hamiltonian:
[ﬂgee, iL] =0, so the helicity is conserved along a free trajectory. For a massless fermion (m. =0,
B =1): the Dirac equation decouples into two independent Weyl equations for left- and right-handed
components, and helicity is an exact symmetry. In the massless limit, the Coulomb potential cannot
flip the helicity (it is a scalar interaction with no spin structure), so the amplitude for backward
scattering (0 = w, which reverses the momentum direction and hence requires a helicity flip for a
massless particle) must vanish. The Mott factor (1 — %) =1 —v?/c? — 0 as B — 1 encodes this
helicity conservation in the massive case as a smooth approach to zero. This physical mechanism has
direct phenomenological consequences: the suppression of large-angle Coulomb scattering for highly
relativistic electrons is observed in electron scattering experiments from nuclear targets, and the
exact zero at f =1 (the massless limit) is the prototype for helicity suppression in weak interaction
processes.

Remark 8.6. Theorem 8.4 completes the scattering program of QM10 in the relativistic sector.
The chain of Coulomb cross section results in the QM-series is:

Paper Formula Physical content

QM10 Proposition 6.2 Rutherford NR spinless Coulomb
QM10 Theorem 8.1 Sherman function NR spin-orbit Coulomb
QM11 Theorem 8.1 Mott formula Relativistic spin—% Coulomb
RQM/ (future) QED Moit Tree + radiative corrections

The Mott factor (1 — 3%sin?(6/2)) vanishes from the Dirac spinor overlap (Proposition 8.3) and
has no counterpart in the non-relativistic Born approzimation. In the intermediate regime 0 <
B < 1, the Mott cross section lies between the Rutherford value (at f = 0) and zero (at f =1 for
backscattering), interpolating between the non-relativistic and ultrarelativistic limits in a manner
controlled entirely by the Dirac spinor structure.

9 Interpretive Clarifications and Scope

The present section records the interpretive constraints governing the derivations of the preceding
sections and the precise boundary between what QMI11 establishes and what is deferred to the
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RQM-series. Three items are addressed: the status of the Dirac equation as a derived result, the
scope of the spin-statistics proof and its axiomatic inputs, and the complete inventory of what
QM11 establishes and does not establish.

9.1 The Dirac Equation as a Derived Result

The Dirac equation Eq. (6) is not postulated in the present paper. It is derived in Theorem 3.1
from the single requirement that the transport closure dynamics be first-order in all four spacetime
derivatives and Lorentz-covariant under SL(2, C). This derivation uses the Lorentz symmetry of the
SR-series as its geometric input: the scalar—conformal geometry reduces to Minkowski spacetime
in the inertial limit (SR1 Theorem 2.1), and Lorentz covariance is the residual symmetry that
constrains the transport closure equation. The Clifford algebra {y*,~7"} = 2¢"” is not imposed as
an axiom but derived as the necessary and sufficient condition for the squared first-order operator to
equal the Klein-Gordon operator (Theorem 3.1 proof, first step). The minimum dimension N = 4
is derived from the Artin-Wedderburn theorem applied to the complexification Clz ; ® C =2 My(C),
not assumed.

The g-factor g = 2 (Theorem 4.5), the Thomas precession factor 3 (Theorem 5.4, Eq. (46)), and
the Darwin term (Theorem 5.4, Eq. (47)) all follow from the Dirac equation by algebraic means:
the Pauli identity for ¢ = 2 (Lemma 4.3), the BCH expansion and block-matrix commutators
for the Thomas factor and Darwin term (Theorem 5.4 proof, Steps 2-3). No free parameters are
introduced at any step; all three corrections are uniquely determined by the Dirac equation and
the minimal coupling prescription.

9.2 The Spin-Statistics Proof and Its Axiomatic Inputs

The spin-statistics theorem (Theorem 7.4) is derived within the NUVO program as the fifth holon-
omy quantization following the Streater-Wightman approach [?]. The proof uses three inputs
that are established within QM11: the CPT theorem (Theorem 7.3, following from the SL(2,C)
structure and the free Dirac equation), the property ©2 = (—1)% (Proposition 7.2 (iv)), and the
positive-definiteness of the Hilbert space inner product (a consequence of the QM1 Hilbert space
structure). One step is cited rather than re-derived: the Jost point relation Eq. (79) and the con-
nection between the analytic continuation of the two-point function and the CPT action on fields
(Theorem 7.4 proof, Steps 2 and 4) requires the Wightman n-point function formalism, which
belongs to the RQM-series. The result cited is Theorem 4-7 of [?], proved for quantum fields sat-
isfying the four Wightman axioms (Lorentz covariance, spectrum condition, locality, and vacuum
completeness). The Dirac field of the present paper satisfies all four axioms at the level of the
single-particle theory, and the spin-statistics theorem applies directly at this level.

9.3 The QED Boundary

The present paper establishes all consequences of the Dirac equation at the single-particle level and
at tree level (zeroth order in the loop expansion of quantum field theory). The following results
require quantum electrodynamics (QED) and are deferred to the RQM-series.

The anomalous magnetic moment g — 2 = a/7 + O(a?) is the leading radiative correction to
the tree-level Dirac prediction g = 2 (Theorem 4.5). It arises from the one-loop correction to the
electron-photon vertex (the Schwinger correction) and requires the quantized photon field of RQM3
and the full QED perturbation theory of RQMA4.
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The Lamb shift (E(2s;/2) — E(2p1/2) ~ 1057 MHz) is the breaking of the accidental degeneracy
predicted by the Dirac spectrum (Theorem 6.4). It arises from the vacuum polarization and electron
self-energy corrections of QED, both requiring the quantized fields of the RQM-series.

The quantization of the Dirac field — the introduction of electron creation operators l;lT{ s and

positron creation operators dl s> the canonical anticommutation relations, and the Fock space
structure — is the content of RQM2. The negative-energy solutions noted in Remark 3.8 are
interpreted as positron degrees of freedom in this field-quantized framework.

9.4 Scope of the Present Construction

The present paper establishes the following results.

The Dirac equation: Theorem 3.1 (Dirac equation from first-order Lorentz covariance; four-
dimensional Clifford algebra; minimum dimension 4; uniqueness up to unitary equivalence); Def-
inition 3.3 (standard representation; «, (3, 4° matrices; large/small component decomposition);
Proposition 3.4 (Clifford, Hermiticity, trace, Dirac conjugate, block structure); Proposition 3.6
(positive- and negative-energy plane wave solutions; u- and v-spinors; small/large ratio ~ v/2c);
Proposition 3.9 (non-relativistic limit: free Pauli equation recovered from Dirac equation at leading
order in v/c).

Minimal coupling and g-factor: Definition 4.1 (minimal coupling prescription; gauge invariance;
coupled Dirac Hamiltonian); Lemma 4.3 (minimally coupled Pauli identity (o-7)% = #2+(e®q/c)o
B); Theorem 4.5 (g-factor g = 2 from the non-relativistic limit; orbital g = 1 vs spin g = 2; full
Zeeman Hamiltonian (pup/®0)B - (L + 2S)).

Foldy- Wouthuysen transformation: Definition 5.1 (even/odd decomposition of the Dirac Hamil-
tonian); Definition 5.3 (FW unitary e with S = —i80/(2mcc?)); Theorem 5.4 (FW Hamiltonian
to order (v/c)?: relativistic kinematic —p*/(8m3c?); Darwin (e®3/8m?2c?)V - E; spin-orbit with
Thomas factor 1: (e®3/4m2c®)(1/r)(d®/dr)S - L; complete fine structure Hamiltonian).

Dirac-Coulomb spectrum and fine structure: Definition 6.1 (Dirac-Coulomb Hamiltonian; self-
adjointness for av < 1); Proposition 6.2 (conserved J2, Js, K; k quantum number); Theorem 6.4
(exact energy E,?j =mec?[1 +a?/(n, +1/( + 3)2 — a2)?]71/2 — mcc?; dependence on (n, j) only;
accidental degeneracy of same-(n, j) states); Theorem 6.5 (expansion to order a*; complete fine
structure E,(a?/n?)(n/(j + 3) — 2); three contributions identified; cancellation of ¢-dependence
verified; Lamb degeneracy noted).

Spin-statistics theorem: Definition 7.1 (15, T, C’, and © operators on Hpirac); Proposition 7.2
(P? = +1; T? = (-1)¥1; 62 = (—1)¥1); Theorem 7.3 (CPT invariance of the Dirac equation;
Liiders-Pauli theorem for interacting fields); Theorem 7.4 (7 = (—1)%; fifth holonomy quantization;
integer spin — bosons; half-integer spin — fermions); Remark 7.5 (complete five-holonomy table).

Relativistic Mott cross section: Proposition 8.2 (factorization of Mott amplitude into Coulomb
Fourier transform and Dirac spinor overlap); Proposition 8.3 (spin-averaged spinor overlap (Ej/c)?(1—
B2sin?(60/2))/(m?2c?) from Dirac trace technology); Theorem 8.4 (Mott formula: Rutherford x (1 —
B%sin%(0/2)); non-relativistic limit recovers QM10; backscattering vanishes at 8 = 1; helicity con-
servation mechanism).

The following results are outside the scope of QM11 and are deferred to the RQM-series. The
quantization of the Dirac, scalar, and vector fields (creation and annihilation operators, canonical
(anti)commutation relations, Fock space) is the subject of RQM1 (Klein-Gordon), RQM2 (Dirac),
and RQM3 (Maxwell). The QED radiative corrections (Schwinger anomalous magnetic moment,
Lamb shift, Uehling potential, running coupling) are the subject of RQM4. The full proof of the
spin-statistics theorem from the Wightman axioms (including the Jost point relation for interacting
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fields) is the subject of RQM2. The three-body and N-body Dirac equation (the Brown-Ravenhall
disease and its resolution by QFT) and the Dirac equation on curved spacetime (quantum fields in
the NUVO M-series geometry) are beyond the scope of the present series.

10 Conclusion

10.1 Summary of Results

The present paper has derived the complete relativistic spin—% theory for scalar—conformal NUVO
transport closure configurations, established the spin-statistics theorem as the fifth and final holon-
omy quantization of the QM-series, and completed three explicit deferrals from QMS8. The twelve
principal results are as follows.

Dirac equation from Lorentz covariance (Theorem 3.1). The unique first-order SL(2, C)-
covariant equation is (1®gy" 9, — mec)¥ = 0 with the Clifford algebra {y#,7*} = 2¢g"14; the
minimum dimension N = 4 follows from the Artin-Wedderburn theorem.

Standard representation and properties (Definition 3.3 and Proposition 3.4). The Dirac
matrices 1 = diag(og, —00) and v/ = antidiag(oj, —0o ;) are built from the Pauli matrices of QMS;
the Clifford, Hermiticity, trace, and Dirac conjugate properties are established.

Free-particle solutions and the non-relativistic limit (Propositions 3.6 and 3.9). Positive-
and negative-energy Dirac plane waves with |x|/|¢| ~ v/2¢; the free Pauli equation recovered at
leading order in v/c.

The g-factor g = 2 (Lemma 4.3 and Theorem 4.5). The Pauli identity (o - 7)? = #2 +
(e®y/c)o - B gives the Zeeman coupling at ¢ = 2 in the non-relativistic limit; the full Zeeman
Hamiltonian (up/®0)B - (L +2S) for the anomalous Zeeman effect; the g-factor traced back to the
fourth holonomy via the Dirac equation (completing QM8 Definition 6.1).

Foldy-Wouthuysen Hamiltonian (Theorem 5.4). The three (v/c)? corrections derived from
three FW steps: relativistic kinematic —p*/(8m3c?), Darwin (e®%/8m2c?)V - E (from zitterbewe-
gung, contributes only for ¢ = 0), and spin-orbit with the Thomas factor % confirmed (completing
QM8 Remark 7.2).

Exact Dirac-Coulomb spectrum (Theorem 6.4). Ef?j = mec®[1+a?/(ne+4/(j + 3)2 — a2)?]71/2—
mec? depends on (n, j) but not on ¢; accidental degeneracy of same-(n, j) states at this order.
Complete hydrogen fine structure (Theorem 6.5). Expansion to order a*: E, (a?/n?)(n/(j+
1

3)—2) from the sum of three contributions (spin-orbit, relativistic kinematic, Darwin); cancellation
of {-dependence verified; Lamb degeneracy E(2s1/2) = E(2p;/2) noted as broken by QED.

CPT theorem (Theorem 7.3). The Dirac equation is invariant under 6 =CPT; 62 = (-1)%¥1
for spin j; general local Lorentz-covariant interactions satisfy the Liiders-Pauli theorem.

Spin-statistics theorem as fifth holonomy (Theorem 7.4 and Remark 7.5). = = (—1)
integer spin — bosons (7 = +1), half-integer spin — fermions (7 = —1); the fifth and final holonomy
quantization, connecting the exchange parity of QM7 (third holonomy) to the spin of QM8 (fourth
holonomy); five-holonomy table complete.

Pauli exclusion principle from holonomies (Remark 7.6). The Pauli exclusion principle
derived as the composition of the third holonomy (QM7: antisymmetry implies no double occupa-
tion) and the fifth holonomy (QM11: half-integer spin implies antisymmetry); no separate postulate
required.

Mott cross section (Theorem 8.4). (%Mott = %Rutherford - (1 — B%sin%(A/2)) from the Dirac
spinor overlap; NR limit recovers QM10 Rutherford; backscattering vanishes at § = 1 (helicity
conservation for massless fermions).

2j.
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Closure of three QMS8 deferrals (Theorems 4.5, 5.4, and 6.5). The three results explicitly
deferred in QM8 (g = 2, Thomas factor %, complete fine structure) are derived here from the single
input of the Dirac equation; QM11 therefore completes QMS in all three open dimensions.

10.2 Programmatic Significance

The present paper is the capstone of the NUVO QM-series on three grounds.

The first is the completion of the holonomy quantization program. The NUVO program set
out to derive all discrete quantum numbers from the topological structure of transport closure
configuration spaces, without postulating any of them. The five holonomies — radial (Q-series),
azimuthal (QM5), exchange (QMT), double-cover (QM8), and relativistic (QM11) — together derive
every discrete quantum number and exchange statistic that appears in non-relativistic and semi-
relativistic quantum mechanics: the principal quantum number n, the magnetic quantum number
m, the exchange parity 7, the spin quantum number j, and the constraint 7 = (—1)%/ that connects
the last two. No quantum number in the QM-series is postulated; all arise from the topology of
the relevant configuration space. The fifth holonomy closes this program by revealing that the two
apparently independent Zgy structures of QM7 (exchange parity) and QMS8 (spin family) are the
same Zs when viewed from within the relativistic framework of SL(2,C). The holonomy program
is complete.

The second ground of significance is the derivation chain from the Pauli equation to the Dirac
equation. QMS derived the Pauli equation from the QM4 dynamical framework applied to the
full Hilbert space Hpn = H ® C2. QM11 derives the Dirac equation from the Pauli equation’s
Lorentz-covariant extension: the requirement of first-order covariance in all four spacetime deriva-
tives uniquely produces the four-component Dirac spinor and the Clifford algebra. The Foldy-
Wouthuysen reduction then recovers the Pauli equation as the leading order and produces the
three corrections (¢ = 2, Thomas factor, Darwin term) as the next order. The Dirac equation
therefore stands in the same relationship to the Pauli equation as the Pauli equation does to the
Schrodinger equation: the former is the more fundamental equation whose non-relativistic limit
is the latter, and the corrections to the non-relativistic approximation (the fine structure) quanti-
tatively test the more fundamental equation against experiment. In the NUVO framework, both
the Pauli equation and the Dirac equation are derived without postulate from the transport clo-
sure dynamics; the hierarchy between them is a hierarchy of approximation, not a hierarchy of
foundational assumptions.

The third ground of significance is the physical calibration of the program. The hydrogen atom
has served as the primary calibration target of the QM-series: QM5 derived the Bohr spectrum
E, x 1/n? QMBS derived the spin-orbit fine structure splitting; QM11 derives the complete fine
structure E,,(a?/n?)(n/(j+3)—2) including the Darwin and relativistic kinematic corrections, and
establishes the exact Dirac spectrum E,’?j. Each refinement corresponds to a new piece of physics
being incorporated into the NUVO framework: the orbital holonomy for the Bohr levels, the
double-cover holonomy for the spin-orbit splitting, and the relativistic holonomy for the complete
fine structure. The accidental degeneracy F(2s;,5) = E(2p;/2) at order a* and its breaking by the
Lamb shift at order o’ log(1/a) mark the precise boundary between QM11 and the RQM-series:
the Dirac equation exhausts the physics of the single-particle relativistic electron, and the quantized
electromagnetic field is required to go further.
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10.3 Transition to the RQM-Series

The RQM-series quantizes the relativistic fields whose single-particle equations have been estab-
lished within the QM-series and the SR-series. The present paper is the primary input to RQM2;
the SR-series Lorentz symmetry is the primary input to RQM1 and RQM3; and the combination
of all three feeds into RQM4 (QED).

RQM1 quantizes the scalar (spin-0) Klein-Gordon field (—®20 — m2c?)¢ = 0, introducing
bosonic creation and annihilation operators ELL and ay satisfying canonical commutation relations,
constructing the relativistic Fock space, and deriving the Feynman propagator as the time-ordered
two-point function. The spin-statistics theorem of QM11 Theorem 7.4 predicts m = +1 for the
spin-0 field, consistent with the canonical commutation relations.

RQM2 quantizes the Dirac (spin—%) field of the present paper, introducing fermionic creation

operators BL s (electron) and dl, s (positron) satisfying canonical anticommutation relations, inter-
preting the negative-energy solutions of Remark 3.8 as positron degrees of freedom, and estab-
lishing that the anticommutation relations are required for a bounded-below Hamiltonian. The
spin-statistics theorem of QM11 predicts m = —1 for the spin—% field, consistent with the canonical
anticommutation relations.

RQM3 quantizes the vector (spin-1) Maxwell field d,F* = j¥, introducing photon creation
operators, establishing gauge invariance in the quantum theory, and deriving the photon propagator
in the Lorenz gauge.

RQM4 combines the Dirac field of RQM2 and the Maxwell field of RQM3 via the minimal
coupling 9, — D,, of Definition 4.1, producing quantum electrodynamics (QED). The Feynman
rules for QED (electron propagator, photon propagator, electron-photon vertex) are derived; the
one-loop corrections give the Schwinger anomalous magnetic moment g = 2(1 + o/27 4 ...) (com-
pleting Theorem 4.5 to higher order in «) and the Lamb shift (breaking the accidental degeneracy
of Theorem 6.4). The a-expansion of QED, built on the Dirac equation of the present paper as its
single-particle foundation, is the most precisely tested theory in physics.
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