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Notation and Conventions

M denotes the spacetime manifold.

71 denotes the reference Lorentzian metric (typically Minkowski in a global chart).
g denotes the physical metric.

The scalar field A : M — Ry is the NUVO modulation field.

The physical metric is scalar—conformal:
v = A? ymz

Ay > 0 denotes the baseline scalar availability level supported by the intrinsic delivery struc-
ture of the underlying field. In the absence of localized structural occupation the scalar field
satisfies A(x) = Ag.

The dimensionless scalar diagnostic is

The scalar field represents the locally available structural capacity of the underlying delivery
field. Localized structures may reduce this availability through occupation or transport, but
the intrinsic delivery baseline Ag remains fixed.

Greek indices p, v, ... range over spacetime coordinates 0, 1, 2, 3.

We use the Einstein summation convention unless explicitly stated otherwise.

Remark 0.1. Unless otherwise stated, the background signature is (—, +,+,+).

*Bibliography is provisional. Cross-references to companion NUVO-series papers (M-, SR-, Q-, QB-, QM-series)
will be updated with Zenodo DOIs in subsequent versions.



Program scope.

Abstract

The scalar—conformal NUVO transport closure system possesses a natural rotational sym-
metry structure: in the presence of a rotationally symmetric scalar capacity field A(|z|), the
exchange-sector transport is invariant under the action of the rotation group SO(3) on R3. The
present, paper derives the full angular momentum algebra and its spectral theory from this rota-
tional transport structure, without postulating the quantum numbers ¢ and m or the spherical
harmonic functions.

The angular momentum operators f/j = ejkl;%kﬁl, introduced in QM4 as the generators of
spatial rotations and used in QM3 to derive uncertainty relations, are shown here to satisfy the
commutation algebra [ﬁj, ﬁk] =id, ejklﬁl and to commute with the total angular momentum
squared L? = I:f + ﬁ% + ﬁ% This algebra is derived from the canonical commutation relations
of QM1 by explicit computation.

The joint spectrum of L2 and Lj is derived from the integer holonomy quantization condition:
admissible transport closure paths that close under a full 27 rotation of the azimuthal angle must
return to their initial configuration, imposing the single-valuedness condition 2™ = 1 on the
azimuthal component of the closure state. This condition selects the magnetic quantum numbers
m € Z, and the algebraic structure of the ladder operators then constrains ¢ to non-negative
integers and m € {—¢,...,+(}.

The eigenstates of L? and Lj in position space are identified as the spherical harmonics
Y/ (0,¢), derived as solutions of the angular eigenvalue equations rather than introduced as
known functions. The orthogonality, completeness, and addition theorem for spherical harmon-
ics follow from the spectral theory of L2 and L3 on A.

The angular momentum structure is connected to the hydrogenic sector of the Q-series:
the full n-f-m quantum number labeling of hydrogen energy eigenstates is established, the
degeneracy structure is derived from the algebraic independence of the radial and angular sectors,
and the spherical harmonics are identified as the angular factors in the separation of variables
for the hydrogenic Schrédinger equation of QM4.

No new postulates are introduced. The angular momentum algebra, the quantum number
quantization, and the spherical harmonics all emerge as structural consequences of the scalar—
conformal rotational transport geometry and the holonomy quantization condition established
in the Q-series.

1 Introduction

1.1 Position Within the QM-Series

The scalar—conformal NUVO program has now established its complete algebraic and dynamical
foundation. The algebraic foundation—the Hilbert space H, the superposition principle, the uncer-
tainty relations—was established in QM1 through QM3 from the transport closure geometry and the
canonical commutation relation, without reference to dynamics. The dynamical framework—the
Schrodinger equation, the unitary time-evolution group, the conservation laws, and the Ehrenfest
theorem—was established in QM4 from the scalar capacity field correspondence and Stone’s theo-
rem. Together, these four papers provide the structural and dynamical prerequisites for the analysis
of specific physical sectors. The present paper, QMb5, opens the physical sector development by de-
riving the complete angular momentum structure of the scalar—conformal exchange-sector transport
system.

The angular momentum operators i}j = ejkl:kaﬁl were introduced in QM4 as the generators of
spatial rotations and used there in two contexts: the proof that they commute with rotationally
symmetric Hamiltonians (establishing angular momentum conservation) and the derivation of the
angular momentum uncertainty relations from the Robertson inequality in QM3. Both uses were



forward references: QM4 defined the operators and established conservation, QM3 applied the
Robertson inequality to their commutation algebra, but neither paper derived that commutation
algebra or established the spectrum of L? and L. The present paper closes both gaps. It derives the
commutation algebra [ﬁj, ﬁk] =idg ejklﬁl by explicit computation from the canonical commutation
relation of QM1, establishes the full spectrum of the joint eigenstates of L2 and Ls, derives the
spherical harmonics as the position-space eigenfunctions, and connects the angular momentum
structure to the hydrogenic sector of the Q-series to complete the n-¢-m quantum number labeling
of the hydrogen atom.

In the standard formulation of quantum mechanics, the orbital quantum numbers ¢ and m are
introduced in one of two ways. The analytic approach derives them via separation of variables
in the Schrodinger equation in spherical coordinates, leading to the associated Legendre equation
whose regular solutions exist only for integer ¢ > 0 and |m| < ¢. The algebraic approach pos-
tulates the angular momentum commutation algebra and derives the spectrum from the ladder
operator argument, obtaining the integers and half-integers as possible values and then appealing
to an additional argument to exclude half-integers for orbital angular momentum. In the NUVO
framework, neither approach is adopted without derivation. The integer character of m is derived
from the holonomy quantization condition of the Q-series: the azimuthal component of the closure
state must be single-valued under a 27 rotation, which is the same holonomy closure principle that
quantized the hydrogenic energy levels. Given m € Z, the algebraic structure of the ladder opera-
tors then constrains ¢ to non-negative integers and restricts m € {—¢,...,+¢}. The integrality of
the angular momentum quantum numbers is therefore not an additional postulate but a structural
consequence of the holonomy quantization that underlies the entire Q-series.

The angular momentum structure established in the present paper is used in every subsequent
paper of the QM-series. QM6 develops the harmonic oscillator in three dimensions, where the
eigenstates are products of radial Laguerre functions and spherical harmonics Y,”; the ladder
operator algebraic technique established here for angular momentum is adapted there for the energy
ladder of the oscillator. QM7 treats multi-particle systems, where the total angular momentum of
a composite system is the vector sum of the individual angular momenta, and the Clebsch-Gordan
decomposition is the central tool. QMS8 derives spin as a double-cover holonomy structure: where
QM5 imposes the single-valuedness condition ™ = 1 selecting m € Z, QMS relaxes this to allow
el = 1, selecting j € %Z and giving the half-integer spin quantum numbers. QM10 uses the partial
wave decomposition of scattering amplitudes in terms of spherical harmonics. QM11 constructs
the covariant angular momentum structure that prepares the transition to the RQM-series.

1.2 Objective of the Present Work

The central objective of the present paper is to derive the complete angular momentum algebra,
spectrum, and eigenstate structure of the scalar—-conformal NUVO transport closure system, from
the canonical commutation relation of QM1 and the holonomy quantization condition of the Q-
series. Specifically, the paper establishes six claims.

1. The commutation algebra [L;, Ly] = i®g e Ly and [L?, Lj] = 0 hold on S(R?) € H and are
derived by explicit computation from the canonical commutation relations [Z7, px] = i®g 07,
[27,2%] = 0, and [p, px] = 0 of QM1 Proposition 5.4. The commutation of L? with all three
components establishes that L? and Ls form a complete set of commuting observables for the
angular sector.

2. The ladder operators i}+ = fq + iﬁg and L_ = ﬁl — if)g raise and lower the f)g eigen-
value by ®q while preserving the L? eigenvalue. The algebraic termination of the ladder



sequence—the existence of maximum and minimum Ls eigenvalues mpyaxPo and —mpyaxPo
in each L2 eigenspace—implies the spectral constraint A = mpax(Mmax + 1)<I>(2) where A is the
L? eigenvalue.

3. The holonomy quantization condition of the Q-series, applied to the azimuthal component
of the transport closure state, requires 2™ = 1, selecting m € Z. This is the same integer
winding number condition that quantized the hydrogenic energy levels, now applied to the
azimuthal angle of the transport closure path.

4. Combining the algebraic constraints of claim (2) with the integer holonomy of claim (3) yields
the complete joint spectrum: o(L?) = {£(£ + 1)®2 : £ € {0,1,2,...}} and o(L3)|, = {m®y :
m € {—¢,...,+L}}, giving 20 + 1 values of m for each ¢ and establishing the matrix elements
of the ladder operators in the | ¢, m) basis.

5. The position-space eigenfunctions of L2 and L; on the unit sphere are the spherical harmonics
Y, (0, ¢), derived as normalized solutions of the angular eigenvalue equations: the p-equation

gives the factor e ¥, and the f-equation gives the associated Legendre polynomial Pg'm| (cosb).
Their orthonormality, completeness on L?(S?), parity, and complex conjugate relations follow
from the spectral theory of the self-adjoint operators L? and Ls.

6. The angular momentum structure is connected to the hydrogenic sector of the Q-series
through the separation of variables for the hydrogenic Hamiltonian of QM4: each energy eigen-
state factorizes as Wy, (1,0, ) = Rye(r) Y™ (0, ¢), the allowed values £ € {0,1,...,n—1} for
each principal quantum number n give the n2-fold degeneracy g, = ?;01(26 +1) =n?, and
the full n-f-m labeling of the hydrogen spectrum is established.

Claims (1) through (6) form a logically ordered sequence. The commutation algebra of claim (1)
is the algebraic input to the ladder operator analysis of claim (2). The holonomy condition of
claim (3) is the geometric input that selects the integer subset of the algebraic possibilities from
claim (2). Claims (1)-(3) together yield the full spectrum of claim (4). The position-space real-
ization of claim (5) translates the abstract algebraic result into the concrete spherical harmonic
functions used throughout the QM-series. Claim (6) connects the abstract angular momentum
theory to the physical hydrogen spectrum, completing the program arc from the Q-series to the
present paper.

1.3 What Is Not Assumed

The present work maintains without modification the interpretive discipline established in the prior
series. Four exclusions are of particular importance for QMS5.

The quantum numbers ¢ and m are not introduced as labels. In the standard formulation, £ and
m are introduced as classification labels for angular momentum states, with their allowed values
stated as part of the postulate structure of the theory. In the NUVO framework, m is derived
from the holonomy quantization condition of the Q-series (Theorem 5.2) and ¢ is derived from the
algebraic termination of the ladder operator sequence (Theorem 5.5). Neither is assumed.

The angular momentum commutation algebra is not postulated. The relation [ﬁj, ﬁk] =
i®g Ejklfil is derived in Theorem 3.1 by explicit computation from the canonical commutation rela-
tions of QM1 Proposition 5.4. The computation is carried out in full in the proof of that theorem:;
no algebraic postulate about angular momentum commutators is introduced.

The spherical harmonics are not introduced as known special functions. The functions Y;™ (0, ¢)
are derived in Theorem 6.4 as the unique normalized solutions of the angular eigenvalue equations



for L2 and L3. Their orthonormality and completeness are consequences of the spectral theory of
these self-adjoint operators on L?(S?), not properties imported from the theory of special functions.

Half-integer angular momentum quantum numbers are not excluded by ad hoc argument. In
many textbooks, the half-integer possibility ¢ € %Z is algebraically admissible from the ladder
operator analysis alone, and an additional argument—that the orbital angular momentum eigen-
functions must be single-valued on S?—is invoked to exclude half-integers. In the NUVO frame-
work, the single-valuedness condition is not an additional argument but the holonomy quantization
principle of the Q-series applied to the azimuthal transport closure path. It selects m € Z directly
and thereby excludes half-integer values for the orbital quantum numbers without any separate
postulate. The half-integer case—spin—arises in QMS8 not because the single-valuedness condition
is dropped but because it is applied to the double-cover of the rotation group, which requires a 47
rotation rather than 27 to return to the initial configuration.

1.4 Structure of the Paper

Sec. 2 recalls the angular momentum operator definitions from QM4, the canonical commutation
relations from QMI, the holonomy quantization principle from the Q-series, and the conservation
and uncertainty results from QM4 and QM3 that provide the starting context for the present
development. Sec. 3 derives the angular momentum commutation algebra [ﬁ],ﬁk] = idg ejklﬁl
and the commutativity [L? L;] = 0 by explicit computation from the canonical commutation
relations, and establishes Self—ad301ntness of the angular momentum operators. Sec. 4 introduces
the ladder operators L+ = L1 + 1L2 and I_ L1 — 1L27 derives their commutation relations
and their raising and lowering action on L eigenstates, and establishes the algebraic constraints
on the spectrum from the boundedness and termination of the ladder sequence. Sec. 5 derives the
integer quantization of the magnetic quantum number m from the holonomy quantization condition,
combines this with the algebraic constraints to determine the full joint spectrum of L? and L3, and
records the matrix elements of the ladder operators in the | ¢, m) basis. Sec. 6 expresses L? in
spherical coordinates as —®2Ag2, derives the spherical harmonics as the normalized solutions of
the angular eigenvalue equations, and establishes their orthonormality, completeness on L?(S?),
parity, and complex conjugate relations. Sec. 7 connects the angular momentum structure to the
hydrogenic sector of the Q-series and QM4: the separation of variables factorization, the quantum
number constraints £ < n — 1, the n?-fold degeneracy, and the recovery of the Q-series holonomy
at the radial level. Sec. 8 derives the L? sum rule for angular momentum eigenstates (closing the
promise of QM3 Remark 7.3) and verifies the consistency and saturation conditions for the angular
momentum uncertainty relations of QM3. Sec. 9 collects interpretive clarifications, maintains the
interpretive boundary conditions of the series, and records the scope of the present construction.
Sec. 10 summarizes the eighteen principal results, records their programmatic significance, and
prepares the transition to QM6.

2 Recalled Structure from Prior Series

The present section collects the results from the Q-series, QB-series, QM1, QM3, and QM4 that are
directly needed for the derivations of Secs. 3-8. Nothing in this section is new; the section makes
the logical dependencies of the paper explicit and fixes notation before the main derivations begin.



2.1 The Angular Momentum Operators

The angular momentum operators were introduced in QM4 as the infinitesimal generators of spatial
rotations in the scalar—conformal transport closure system. Their definition and basic symmetry
properties are recalled here in the explicit component form needed for the algebraic computations
of Sec. 3.

The three angular momentum operators are defined by

L; = ejua"p = eju 2 (=1%o 9y), Jj=123, (1)

where €1 is the Levi-Civita symbol, repeated indices are summed over {1, 2, 3}, #F denotes multi-
plication by z*, and p; = —i®( 9, is the I-th momentum transport generator of QB2 and QM1. In
explicit component form:

i/]_ = 12‘2]33 - 533]32 = —i(I)O ($283 - IE382), (2)
ig = i‘gﬁl — i’lﬁg = —i(I)() (.%'381 — .%'183), (3)
I:g = ilﬁQ — i’Qﬁl = —i(I)o (:L‘lag — $281). (4)

The total angular momentum squared operator is
=0+ 13+12 (5)

Remark 2.1. The definition Eq. (1) identifies the angular momentum operators as the generators
of the action of the rotation group SO(3) on the state space H. In the scalar—conformal NUVO
framework, spatial rotations are geometric symmetries of the delivery substrate whenever the scalar
capacity field A is rotationally symmetric: A(z) = A(|z|). The operators jlj are the infinitesimal
generators of this symmetry at the level of the transport closure state, and QM4 Proposition 7.8
established that they commute with the Hamiltonian H for rotationally symmetric potentials, gen-
erating the conservation law d(ﬁj>/dt = 0 under the Schridinger evolution. The present paper
derives the full algebraic and spectral structure of these generators; the conservation law of QM4 is
a structural consequence that will be re-derived here as a corollary of [L?, Lj] = 0 and [H, L;] = 0.

The properties established in QM4 Proposition 7.2 and recalled here without re-derivation are:

e Each f/j is symmetric on S(R?) and essentially self-adjoint on #.

o [2is a non-negative self-adjoint operator on H, since 2 = Zj ﬁ? and <\I/,ﬁ§\If>H =

~ 2
Lj\lfH > 0.
H

e For a rotationally symmetric potential V = V (|z|), [H, Lj] = 0 on S(R?).

2.2 The Canonical Commutation Relations

The derivation of the angular momentum commutation algebra in Sec. 3 uses only three commuta-
tion relations, all established in QM1 Proposition 5.4 and recalled here in the form in which they
will be applied.

On the dense domain S(R?) C H:

[, pr] = 1P &, (6)
[A]> Ak] =Y (7
[pj, D] =0 (8)



Relation Eq. (6) is the canonical commutation relation derived in QB2 and promoted to H in
QM1. Relations Egs. (7) and (8) express the commutativity of position operators among them-
selves (multiplication operators with different coordinate functions commute pointwise) and of
momentum operators among themselves (partial derivatives in different directions commute on
smooth functions). All three are exact identities on S(R?).

Remark 2.2. The three commutation relations Eqs. (6)—(8) are the complete algebraic input to
the derivation of [ﬁj,ﬁk] = i®g ijlf/l in Sec. 3. No other property of the position or momentum
operators is needed. This means the angular momentum commutation algebra is a universal con-
sequence of any system of operators satisfying the canonical commutation relations Eqs. (6)—(8),
not a special property of the scalar—conformal transport system. The scalar—conformal specificity
enters through the identification of these operators with transport generators in QB2 and QM1, and
through the holonomy quantization that selects integer quantum numbers in Sec. 5.

2.3 The Holonomy Quantization Principle

The Q-series established the holonomy quantization principle as the foundational quantization
mechanism of the scalar-conformal NUVO program: on a closed transport path, the accumulated
transport phase must be an integer multiple of 27®g, so that the complex state encoding ¥ returns
to its initial value after traversing the closed path. This is the condition that makes the trans-
port closure system self-consistent under path composition and underlies the quantization of the
hydrogenic energy spectrum in Q4.

In the present paper, the holonomy quantization principle is applied to rotationally closed
transport paths: paths generated by a full 27 rotation of the azimuthal angle ¢ about a fixed
axis. The accumulated azimuthal phase after such a rotation is A¢, = 2w /P, where p is the Ls
eigenvalue of the closure state. The holonomy condition requires this phase to be a multiple of 27:

Ap, 2mpu

= — € 217, 9
3 @2 ®)
which is equivalent to u/®¢ € Z, i.e., u = m®Py for m € Z. The precise statement and proof of this

condition are given in Theorem 5.2 of Sec. 5; the present subsection records it as a recalled input.

Remark 2.3. The holonomy quantization of the azimuthal angle in the present paper and the
holonomy quantization of the radial action in the @Q-series are two manifestations of the same
principle. In the Q-series, the closed transport path is the radial oscillation of the exchange-sector
closure, and the integer winding number selects the discrete hydrogenic energy levels E,. In QMSJ,
the closed tramsport path is the azimuthal rotation of the closure state, and the integer winding
number selects the discrete magnetic quantum numbers m. QM8 will show that if the transport
structure is carried on the double cover of the rotation group (the group SU(2) rather than SO(3)),
the holonomy condition selects half-integer values, yielding the spin quantum numbers. The holon-
omy quantization principle is thus the single geometric mechanism underlying all quantization in

the NUVO framework.

2.4 Angular Momentum Conservation and Uncertainty from QM4 and QM3

Two results from QM4 and QM3 provide the starting context for the present development and are
recalled here to close the forward references opened in those papers.

Angular momentum conservation (QM4 Proposition 7.3). For a rotationally symmetric Hamil-
tonian H = T + V with V = V(|z|), the commutation [H,L;] = 0 holds on S(R?), and the
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expectation value (L;)(t) is conserved under Schrédinger evolution. The proof in QM4 Proposi-
tion 7.3 established this result using the commutators [T', L;] = 0 and [V (|z]), L;] = 0. The first
commutator [T L; il = 0 was stated there as a consequence of T =p° /(2m) being rotationally
symmetric; the present paper derives it as a corollary of [L L; i1 = 0 in Theorem 3.3.

Angular momentum uncertainty relations (QM3 Proposition 7.1). For any normalized ¥ €
S(R3):

P9
AL;- ALy > 5 (Ll>] (10)

for each cyclic triple (4, k, ). This inequality was derived in QM3 from the Robertson uncertainty
theorem applied to the commutation algebra [IAJJ,ZA}k] = i®q ejklﬁl, which was cited there from
QM4 as a forward reference. The present paper derives that commutation algebra in Theorem 3.1,
retroactively completing the derivation chain for QM3 Proposition 7.1. Additionally, QM3 Re-
mark 7.3 stated the sum rule > .[(AL; )2+ (L;)?] = £(£ + 1)®3 as a QM5 result; this sum rule is
established in Sec. 8 of the present paper.

Remark 2.4. The use of the angular momentum commutation algebra in QM3 Proposition 7.1 be-
fore its derivation in the present paper created a forward-reference dependency that is now resolved.
QM3 cited the commutation algebra [ﬁj,ﬁk] = iPg ejkli}l from QM4 Eq. (7.6), where it appeared
as a forward reference to QM5. The derivation of this algebra in Theorem 3.1 of the present paper
closes the logical chain: the CCR of QM1 — the angular momentum commutation algebra of QM5
— the angular momentum uncertainty relations of QMS3. The result is now fully grounded without
circularity.

3 The Angular Momentum Commutation Algebra

The present section derives the two foundational algebraic results of the angular momentum theory:
the commutation relations [ﬁj, i}k] = id ejklﬁl among the three components, and the commuta-
tivity [ﬁQ, I:ﬂ = 0 of the total angular momentum squared with each component. Both derivations
proceed by explicit computation from the canonical commutation relations Eqgs. (6)—(8) and the
definition Eq. (1). No new algebraic postulate is introduced; every step follows from the CCR of
QM1 and the Leibniz rule for commutators.

The key algebraic tool used throughout is the commutator Leibniz rule:

[A,BC] = |A, B|C + B[A,C], (11)

which holds for any operators A, B, C' on a common domain.

3.1 The Fundamental Commutation Relations

The derivation of the full algebra proceeds by computing one representative commutator [f)l, ﬁg]
explicitly and then invoking cyclic symmetry to obtain the remaining two.

Theorem 3.1 (Angular momentum commutation algebra). On the dense domain S(R3) C H, the
angular momentum operators satisfy

[L;, Ly] = i®g ejp1 Ly (12)



for all 3,k € {1,2,3}, where the repeated index | is summed. Equivalently, the three cyclic relations
are:

[ilv IA/Q] = I‘DO j—/3a (13)
[ﬁ27ﬁ3] = 1®0 i’la (14)
(L3, L1] = i®g Lo. (15)

Proof. 1t suffices to derive Eq. (13); the remaining two follow by cyclic permutation of the index
labels {1, 2, 3}.
Substituting Egs. (2) and (3):

p3] — [2%pa, 23p1] + [#3p, @1 p3).

Each of the four brackets is evaluated using the Leibniz rule Eq. (11) and the CCR Egs. (6)—(8).
First bracket: [2%ps, #3p1].

[#2p3, 2°p1] = 2% [ps, 2°)p1 + 2227 [P, p1] + (22, 2°]psp1 + #3[2%, p1)ps
= 3%(—=i®o)p1 + 0+ 0 + 0 = —idg 22y,

where we used [p3, 2°] = —[23, p3] = —i®y, [p3, p1] = 0, [#2,2%] = 0, and [22,p1] = 0 (since j # k in
Eq. (6) gives zero).
Second bracket: [2%ps, 31 p3).

[22p3, &' p3] = 2°[ps, 2 |ps + #2321 [p3, ps] + [#2, &' |paps + 2 [22, P3]ps
—0+0+0+0=0,

since [ps, #1] = 0 (different indices), [ps, p3] = 0, [#2,2'] = 0, and [22, p3] = 0 (different indices).
Third bracket: [23pa, 23p1].

(2o, 2°P1] = 2°[Pa, #°]p1 + 2223 [p2, p1] + [2°, 2°)papr + 2°[23, p1]p2
—040+0+0=0,

since [pa,2°] = 0, [p2,p1] = 0, [#%,2°] = 0, and [2%,p1] = 0.
Fourth bracket: [& ﬁz,ilﬁzﬂ

[#3p2, 21 ps) = 2% 2, 21 )p3 + 232" [P, ps] + [2°, 21 ]paps + 2132, p3]p2
=0+ 040+ &' (i®g)po = iPg 2o,

where we used [po, 2] = 0, [p2, p3] = 0, [#3,2!] = 0, and [23, p3] = iD.
Combining the four brackets:

(L1, L] = (—=i®g #2p1) — 0 — 0 + (iPo &1 pa) = i®g (&1 P2 — 22p1) = i®g L3,

which is Eq. (13). The relations Egs. (14) and (15) follow by cyclic permutation: relabelling
(1,2,3) — (2,3,1) in the above computation yields [Lg, L] = i®¢ L1, and relabelling (1,2,3) —
(3,1,2) yields [Lg, L] = i®g Ly. The compact form Eq. (12) encodes all three relations using the
Levi-Civita symbol. O



Remark 3.2. The computation in the proof of Theorem 3.1 uses only the three CCR identities
Egs. (6)—(8) and the Leibniz rule Eq. (11). Of the sizteen terms generated by expanding the four
brackets (four terms per bracket via the Leibniz rule), twelve vanish by the commutativity of po-
sition operators, of momentum operators, and of position and momentum operators in different
spatial directions. The two surviving terms come from the non-trivial commutators [ps, 3] = —i®q
in the first bracket and [&3,p3] = i®g in the fourth. This pattern—two non-trivial contributions
from the CCR, twelve trivial contributions from commutativity—is a consequence of the antisym-
metric structure of the angular momentum definition I:j = ejkli“kﬁl and will recur in all subsequent
commutator computations in the present paper.

3.2 Commutativity of L? with Each Component

The commutativity of L? with each f/j is the key structural result that makes L? and Ly jointly
diagonalizable. The proof uses Theorem 3.1 rather than the CCR directly.

Theorem 3.3 (L? commutes with each angular momentum component). On S(R3):
L%, L] =0 (16)
for all j € {1,2,3}.
Proof. It sufﬁces to prove [I:z, f)g] = 0; the other two cases follow by cyclic symmetry. Expand
using L? = L? + L3 + L%

[L?, Ls] = (L3, L] + [L3, Ls] + [L3, Ls]. (17)
The third term vanishes trivially: [ﬁg, ﬁ3] = fzg[ﬁg,ixg] + [ﬁg,ﬁg]ﬁg =0.

For the first term, apply the Leibniz rule [L2, Ls] = Li[L1, Ls] + [L1, L3]L;. From Eq. (15):
[Lg,Ll] = ifbo LQ, SO [Ll, Lg] = —i(I)O LQ. Therefore:

[IA/%, ﬁg] = le(*i‘l)o _i/Q) =+ (*iq)o ﬁg)ﬁl = —idg (f/li/Q + fzgle). (18)

_ For the second term, apply the Leibniz rule (L3, L3] = Ly|Ly, L3] + [Lo, Ls]Ly. From Eq. (14):
[La, Ls] = i®g L1. Therefore:

(L3, Ls] = Lo(i®o L1) + (i®o L1) Lo = i®g (LaLy + L1Lo). (19)
Adding Egs. (18) and (19):
(L3, Ls) + [L3, L3] = —i®o (L1 L2 + LaL1) +i®o (LaLy + L1Ls) = 0.
Substituting into Eq. (17): [I:Q,I:g] =0+04+0 = 0. By cyclic symmetry, [ﬁQ,ﬁl] = 0 and
[L?, L] = 0 follow by relabelling indices. O

Remark 3.4. The cancellation in the proof of Theorem 3.3 has a transparent algebraic struc-
ture. The terms [L}, L3 and [L3, L] each produce an anti-commutator {L;, L} = L;Ly + LiL;
with the opposite sign from the commutation algebra of Theorem 38.1. Specifically, [Il%,[lg] =
—i®g{L1,Lo}/2 -2 and [L3, L3] = +i®o{La, L1}/2 - 2, and since {L1, Ly} = {Ly, L1} (the anti-
commutator is symmetric), the two terms cancel exactly. This cancellation is the algebraic expres-
sion of the rotational isotropy of L2: the squared length of a rotation generator is invariant under
the rotation it generates.
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Remark 3.5. Theorems 3.1 and 3.3 together establish the complete commutation structure of
the angular momentum operators on S(R3): [ﬁQ,ﬁ3] = 0 (simultaneous diagonalizability) while
[L1, Ls] # 0 (no third simultaneously diagonalizable component). The pair (L?, L) therefore con-
stitutes a complete set of commuting observables (CSCO) for the angular sector: the joint spectrum
of L? and Ls labels the angular eigenstates without redundancy. The choice of Ls as the distin-
guished component is conventional; Ly or Ly could equally serve, and the spectral results of Secs. 4—5
are independent of this choice. In the NUVO framework, the natural choice of Ls is reinforced by
the azimuthal holonomy condition of Sec. 5: the holonomy condition is formulated in terms of
the azimuthal angle ¢, and the generator of p-rotations is Ly = —i®, 0, in spherical coordinates,
making Ls the natural partner of the azimuthal holonomy.

3.3 Self-Adjointness and Non-Negativity

The self-adjointness of jlj on H was established in QM4 Proposition 7.2. The present subsection
records the consequence for L? and derives the non-negativity that will be used in the ladder
operator analysis of Sec. 4.

Proposition 3.6 (Self-adjointness and non-negativity of ﬁQ) The operators ﬁj are esseniiially
self-adjoint on S(R3) with self-adjoint closures on H (QMJ Proposition 7.2). The operator L* =
L2+ 12+ L% 1s self-adjoint and non-negative on H.:

~ ~ 2 ~ 2 ~ 2
(3129), = o] = a0, + ], 0 2
H H H H
for all W € D(L?).

Proof. Self-adjointness of each i}j is QM4 Proposition 7.2. Self-adjointness of L?: a finite sum
of self-adjoint operators is self-adjoint on the intersection of their domains, which is dense in H.
. . . . . 2

Non-negativity: for each j, since L; is self-adjoint, <\IJ,L?\I/>H = <Lj\I/,Lj\II>H = HLJ\IIHH > 0.
Summing over j gives Eq. (20).

Remark 3.7. The non-negativity Eq. (20) has two immediate consequences used in Sec. 4. First,
the L? eigenvalue X = £({ + 1)®2 is non-negative: A > 0. Second, for a joint eigenstate with L*
etgenvalue A and L3 eigenvalue pu:

0<||Bv +[Eaw] = (w22 - BBw) =) i,

giving the bound p? < X, i.e., |u| < VA, This is the key inequality establishing the boundedness of
the Ls spectrum in each L2 etgenspace, which forces the ladder sequence to terminate.

4 Ladder Operators and the Spectrum

With the angular momentum commutation algebra established as a theorem in Sec. 3, the present
section deploys the standard algebraic technique of ladder operators to extract the spectrum of L2
and f)g from the algebra alone, prior to the holonomy quantization input of Sec. 5. The ladder
operators raise and lower the Ls eigenvalue by ®y while preserving the L2 eigenvalue; since the
Ls eigenvalue is bounded (by the non-negativity of L2, Proposition 3. 6), the ladder sequence must
terminate at a maximum and minimum value, and these terminal conditions impose algebraic con-
straints on the spectrum. The output of the present section is the constraint that the L2 eigenvalue
takes the form mmpmax (Mmax + 1)(193 for some non-negative mmpax; the holonomy quantization in Sec. 5
then restricts mmax to the non-negative integers, completing the spectrum.
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4.1 Definition and Commutation Relations of the Ladder Operators

Definition 4.1 (Raising and lowering operators). The raising operator and lowering operator are
defined by

L+ = L1 +1iLo, L_ =L —iLo, (21)
on the domain S(R?) C H.
Remark 4.2. The ladder operators are adjoint to each other: (L)t = (L1 +iLo)t = I:I - 112 =
Li—ily = f}_, using the self-adjointness I:}L = f/j established in Proposition 3.6. Neither f/+ nor
L_ s self-adjoint. The non-self-adjoint character of the ladder operators is essential to their raising

and lowering action: a self-adjoint operator preserves the eigenspace of any commuting self-adjoint
operator, whereas the non-self-adjoint L+ moves between eigenspaces.

The commutation relations of the ladder operators with L3 and ﬁ2, and with each other, follow
from Theorem 3.1 by direct substitution.

Lemma 4.3 (Ladder operator commutation relations). On S(R3):

(L3, L] = ®g L, (22)
[L3,L_] = —®gL_, (23)
Ly, L] =2®Ls, (24)
(L2, L] =0, (25)
[L2,L_]=0. (26)
Proof. Equation (22): Using Theorem 3.1:
(L3, Ly] = [Ls, L +iLy] = [L3, L1] + i[L3, Lo).
From Eq. (15): [Ls, L1] = i®gLy. From Eq. (14): [Lg, Ls] = i®g L1, so [Lz, Lo] = —i®g L.

Therefore:

~

[ig, Ii+] =id ﬁg + i(—iq)o Iil) =idg EQ + @ Iil = q)O(IAil + lig) =dOg L.

Equation (23): Take the adjoint of Eq. (22) using [L3 Lyt = (f)+)TﬁT ( I =L_Ls—
LsL_ = [Ls,L ], which must equal (®g L, ) = ®yL_. Therefore —[Ls, L_ ] ®o L_, giving
(L3, L] = —®gL_.

Equation (24):

[Ly,L_]=[Li+iLy, L1 —iLy]
= [i’la ill] - i[i’la EQ] + i[i@a i’l] - iQ[f’% ZA;Q]
=0 —i(i®y L3) +i(—i®g L) + 0
= &y L + ®g Ly = 2® Ls,
using [L1, Lo] = i®¢ L3 from Eq. (13) and [Lg, L] = —i® Ls.

Equations (25) and (26): From Theorem 3.3, [L2,L1] = [L?, L] = 0. Therefore [L?, L] =
[L2 Li] + 1[L2 LQ] = 0, and similarly for L_ O
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4.2 The Raising and Lowering Action on Eigenstates

The commutation relations of Lemma 4.3 imply that f)+ and L_ act on joint eigenstates of L? and
L3 by shifting the Lj eigenvalue while preserving the L? eigenvalue.

Pr0p051t10n 4.4 (Raising and lowermg action on elgenstates) Let U € S(R?) satisfy L2U =AU
and L3V = p'U for A\, u € R. Then, if L+\I/ % 0, the state L+\I/ satisfies

B2(Eaw) = A(L4 ), Ea(Baw) = (u+ G0) (Lo 0); (27)
and if L_U 0, the state L_U satisfies
P20 ) = A(E W), Ea(E W) = (u— @o)(L D). (28)
Proof. For the L? action on L, U: using Eq. (25) and the L? cigenvalue equation,
LA(Ly W) = (L2Ly )Y = (L L2+ [L2 L)) = Ly (A\®) 4+ 0 = A(L, ).
For the L3 action on f/+\I': using Eq. (22) and the Ls eigenvalue equation,
Ly(Ly W) = (LsLy )W = (Ly Ly + [Ls, L)) ¥ = Ly () + BoLy ¥ = (p+ o) (L1 V).

The argument for L_ ¥ is identical using Eqs. (26) and (23), with the sign of the ®, contribution
reversed. O

Remark 4.5. Proposmon 4.4 gives the raising and lowering operators their names. Startmg from
a joint eigenstate with Ls ezgenvalue M and L2 ezgenvalue A, repeated application of L+ generates
a sequence of eigenstates W L+\If L W, ... with Ls etgenvalues p, p + Do, + 2®¢, ... and the
same L2 etgenvalue X throughout. Szmzlarly, repeated application of L_ generates U, fL_\II, fLZ_\I/, e
with eigenvalues p, p — Po, pt— 2P, .... In the NUVO transport closure framework, this raising and
lowering of the Ls etgenvalue corresponds to changing the azimuthal winding number of the transport
closure configuration by one unit at a time. The ladder operators are not physical operations on the
transport system but algebraic tools that generate the complete family of angular closure eigenstates
from any single member.

4.3 Termination of the Ladder and the Spectral Constraint

Since the L3 eigenvalue in the \-eigenspace is bounded by ln| < VA (Remark 3.7), the ladder
sequences generated by ﬁ+ and L_ cannot continue indefinitely. Each must terminate: there exist
states Uyax and Wy, in the A-eigenspace with ﬁg eigenvalues pimax and pmin respectively such that
f)+\Ilmax =0 and ﬁ_\Pmin = 0. The termination conditions yield the algebraic constraints on A.

Theorem 4.6 (Algebraic constraints on the spectrum from ladder termination). Let A > 0 be an
eigenvalue of L? with at least one joint eigenstate of L? and Lz. Let pimax and fimin denote the
maximum and minimum Ls eigenvalues in the A-eigenspace. Then:

(1) Hmin = —Hmax-
(11) A= ,U/max(,ufmax + (PO)
(iii) The .Z/g eigenvalues in the \-eigenspace form the arithmetic progression { fimin, tmin+Po, - - - 5 fmax—

Do, fimax }» a sequence of N + 1 values where N = (fmax — fmin)/Po € Z>o.

13



Proof. Termination at pimax: Since ﬁ+@max = 0, compute ﬁ_ﬁ+ Unax = 0. The key identity is
L Ly=1L%—-12—-®Ls, (29)

derived as follows: from Eq. (24), [Ly,L_] = 2®¢ Ls, so L_Ly = LyL_ —2®y Ls. Also, L, L_ =

(I:l + li/Q)(IA/l — lﬁg) = f/% -+ f/% — i[il,zg} + i[IA/Q,IA/ﬂ + IAzglA;l — ﬁlig. More directly: £+£_ =

L2 — ﬁg + &g Lg (a standard identity derived by expanding (ﬁl + if/2)2 and using the commutation

algebra). Therefore f/_f)+ S - fjg + g Ly — 2B Ly = L2 — Ig — & L3, which is Eq. (29).
Applying Eq. (29) to Vpax:

~

0= -i/fL+\I’max = (IA/2 - ﬁ% — P i/B)\I’max = (>\ - /lfnax — 9 ﬂmax)\pmax-

Since V. # 0:
A= Nmax(ﬂmax + (I)()), (30)

which is part (ii).
Termination at pmin: By the analogous argument with Ly L_ = L? — L3 + & L3:

0= i/+£—\11min = ()\ - M?nin + @ Mmin)qjmin;
giving A = fimin (fmin — Po). Comparing with Eq. (30):
MIQnax + &g Mmax = Miﬂn — @ Hmin,

ie., (M?nax_/j“?nin)+®0(:u’maX+lu’min) =0, i.e., (ltmax + Mmin) (Emax — fmin +Po) = 0. Since the ladder
from fimin t0 fmax takes at least one step (if fimin # fimax) and the step size is &9 > 0, we have
Hmax — fmin = 0, S0 fmax — Umin + Po > 0. Therefore the first factor must vanish: pimax + ftmin = 0,
giving part (i).

The arithmetic progression, part (iii): Starting from Wy, and applying L_ repeatedly, Propo-
sition 4.4 gives a sequence of eigenstates with f)g eigenvalues pmax, tmax — Po, fbmax — 2Po, - - -
This sequence terminates at fimin = —[max, having taken N = (tmax — fmin)/Po = 2fmax/Po
steps, so N is a positive rational. Since the sequence takes integer steps and terminates, N
must be a non-negative integer: pimax = N®o/2 for N € Z>o. The ﬁg eigenvalues are there-
fore {—N®y/2,(—N/2+1)®g, ..., N®y/2}, an arithmetic progression of N + 1 values with spacing
dy. O

Remark 4.7. Theorem 4.6 establishes that pimax = N®o/2 for some N € Z>o, which allows
both integer and half-integer values: if N is even, pmax = (P for integer £ = N/2; if N is odd,
tmax = j®o for half-integer j = N/2. The algebraic analysis alone cannot distinguish these two
cases. The holonomy quantization of Sec. 5 selects m € Z for the orbital angular momentum of the
scalar—conformal transport closure state, excluding half-integers. In QMS, the half-integer case is
recovered by applying the holonomy condition to the double cover SU(2) of the rotation group rather
than to SO(3): the 4 single-valuedness condition ™ = 1 selects j € %Z. Thus the two cases
are not competing alternatives but distinct physical situations distinguished by the topology of the
relevant holonomy path.

4.4 The Identity L_L, = L? — L3 — ®y Ls

The identity Eq. (29) used in the proof of Theorem 4.6 is sufficiently important to be recorded as
a standalone result, as it and its companion identity are used again in Sec. 5 and Sec. 8.
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Lemma 4.8 (Ladder product identities). On S(R3):

L Ly=1L%—-12—-®Ls, (31)

N

iJri, =I7?- fJ% + &g ﬁg. (32)

Proof. Expand L_L,= (L1 —iL)(L4 +1L2) L§+1L1L2—1L2L1 +L2 L%+L§+1[L1, Lg] Using
Eq. (13): [Ll,Lg] = 1(1<I>0 L3) = —® L3. Since L2 = L2 + L + L3, we have L +I12=12- L2
Combining: L_L, = L? — L3 — ®; L3, which is Eq. (31). The companion 1dent1ty Eq. (32) follows
by the same expansion with signs reversed, or equivalently by adding [L+,L | =29 L to both
sides of Eq. (31): LyL_ = L_Ly +2®gL3 = L* — L} + &g L3. O

Remark 4.9. The two identities of Lemma 4.8 can be combined to express L2 entirely in terms of
L+, _, and Ls:
I’=L L, +12+® L3=L L +L%—®yLs. (33)

These representations of L? in terms of the ladder operators and Ly are useful in computing matriz
elements and in establishing the sum rules of Sec. 8. In particular, Eq. (33) shows that the ground
state of the ladder (the state annihilated by L_ ) satisfies L2W 0 = L3\I’mm — &g L3V pin = (,ufmn
D fimin) Ymin, consistent with A = fmin (min — Po) from the proof of Theorem 4.6.

5 Integer Holonomy Quantization and the Quantum Numbers

The ladder operator analysis of Sec. 4 established that the Ls eigenvalues in any 12 eigenspace form
an arithmetic progression with spacing ®¢, terminating at +pmax where pimax = N®g/2 for some
N € Z>p. This allows both integer and half-integer multiples of ® as candidate values of fimax.
The present section applies the holonomy quantization principle of the Q-series to the azimuthal
transport closure path, deriving that the Ls eigenvalues must be integer multiples of ®¢. This
selects pmax = €Pg for integer £ > 0, completing the determination of the spectrum. The section
closes by recording the complete joint spectrum of L? and Lj and the matrix elements of the ladder
operators in the | ¢, m) basis.

5.1 The Azimuthal Holonomy Condition

In spherical coordinates (7,0, ¢), the operator Ls takes a particularly simple form that makes the
holonomy condition transparent.

Lemma 5.1 (Ls in spherical coordinates). In spherzcal coordinates (r,0, ) related to Cartesian
coordinates by x' = rsinfcosp, 22 = rsinfsin g, 2° = rcosh, the operator Ly = —i®g (210 —
x201) takes the form
A 0
Ly = —i®y —
3 199 g
Proof. By the chain rule, 9/0p = (0z'/0¢)01 + (022 /0p)0s + (023 /0p)d3. Computing the partial
derivatives: dz'/0p = —rsinfsinp = —2%, 022/dp = rsinfcosp = x', 923/0p = 0. Therefore
8/84,0 = *1‘281 + 1‘182 = 56182 — 56261, giViIlg *iq)(_) 8/890 = *i‘l)o (1‘182 — 16281) = Lg‘ OJ

(34)

With Ls = —i®, Oy, a ﬁg—eigenstate with eigenvalue p has azimuthal dependence determined by
the eigenvalue equation —i®y 0, ¥ = ¥, whose solution is ¥ oc e'#/®0  The holonomy condition
selects the admissible values of p.
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Theorem 5.2 (Integer quantization of the magnetic quantum number). The eigenvalues of Ls for
admissible transport closure states on H are

uw=md, m € Z. (35)

These are selected by the holonomy quantization condition: an admissible closure state must be
single-valued under the full 2w rotation of the azimuthal angle,

U(r,0,p+2m) = V(r,0,¢) (36)
for all (1,0, ). The condition Eq. (36) requires e>™#/®0 =1 which holds if and only if u/®q € Z.

Proof. A ﬁg—eigenstate with eigenvalue p has azimuthal dependence ¥ o e##/®0 by the eigenvalue
equation —i®g J,¥ = pW. Applying the single-valuedness condition Eq. (36):

o mlpt+2m)/®o eiw/‘bo’

which requires e?™#/®0 = 1. This holds if and only if 2/ Py = 27m for some m € Z, i
w=mdg. O

Remark 5.3. The single-valuedness condition Eq. (36) is the NUVO holonomy quantization prin-
ciple of the Q-series applied to the azimuthal transport closure path. In the Q-series, the holonomy
condition required the transport phase accumulated along a complete radial closure cycle to be an
integer multiple of 2w®y. The condition Eq. (36) is the azimuthal analogue: after the closure state
traverses a full 27 rotation in @, it must return to its initial value. The accumulated azimuthal
phase is 27/ P, and the integer winding number condition e2mn/®0 = 1 selects p € PoZ. This is
the same holonomy principle; the two applications differ only in the geometric nature of the closed
path (radial cycle versus azimuthal Totation).

Remark 5.4. Theorem 5.2 resolves the half-integer question raised in Remark 4.7 without any
additional postulate. The algebraic analysis of Sec. 4 admitted pimax = N®o/2 for any N € Z>o.
The holonomy condition now restricts pu/®o € Z, which requires tmax/Po = N/2 € Z, so N must
be even. Writing N = 20 for { € Z>q, the mazimum Ls eigenvalue is pmax = (Po and the L2
eigenvalue is A = (({ + 1)®2. The half-integer possibility N = 2j + 1 (odd) is excluded by the
holonomy condition, not by a separate postulate. In QMS8, the double-cover holonomy applied to
the transport closure structure on SU(2) relazes the condition to ¢*™#/®0 =1, allowing j1/®y € %Z
and thereby permitting the half-integer case.

5.2 The Complete Joint Spectrum

Combining Theorem 4.6 (algebraic constraints from ladder termination) with Theorem 5.2 (integer
holonomy quantization) yields the complete joint spectrum of L? and Ls.

Theorem 5.5 (Complete joint spectrum of L? and ﬁg). The joint spectrum of L? and Ls on H is:
= {e(t+1)95 | £ €{0,1,2,...}}, (37)
o(Ls)|, = {m®o | m e {—0,—+1,....0—1,0}}, (38)

giving 20+1 values of m for each value of ¢. Each L? eigenvalue L(0+1)®E is (20+1)-fold degenerate
with respect to Ls. The joint eigenstates | £, m) satisfy

L2, m) =00+ 1)®2| ¢, m), Lg|t, m)=mdy| L, m), (39)
wzth( /|f My, =) 0¢r¢0m/m -
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Proof. From Theorem 4.6 (iii), the Ls eigenvalues in the A-eigenspace are an arithmetic progression
with spacing ®¢ and maximum value ey = NPg/2. From Theorem 5.2, each I:3 eigenvalue must
be an integer multiple of ®g, 80 pmax/Po = N/2 € Z>, requiring N = 2¢ for ¢ € Z>¢. Therefore
tmax = {Po and pimin = —¢Py (Theorem 4.6 (i)). The L? eigenvalue is A = pmax(fmax + o) =
(Do ({Do+Dg) = £(£+1)DZ (Theorem 4.6 (ii)), giving Eq. (37). The Lg eigenvalues range from —(®
to +4®g in integer steps of g, giving the values in Eq. (38) with 2¢ + 1 elements. Orthonormality
of the joint eigenstates follows from the self-adjointness of L2 and Ls and the distinct eigenvalues
in each case. O

Remark 5.6. In the NUVO framework, the integer ¢ is the mazximum azimuthal winding number
accessible to the transport closure configuration with L2 eigenvalue (0 + 1)@(2), and the integer m is
the actual azimuthal winding number of the specific eigenstate | £, m). The relation |m| < ¢ reflects
the geometric constraint that the z-component of the angular momentum cannot exceed the total
angular momentum: the azimuthal winding number cannot exceed the maximum winding number of
the multiplet. The degeneracy 20+ 1 is the number of distinct azimuthal winding numbers accessible
within the (-multiplet, ranging from —€ (mazimum clockwise winding) through 0 (no net azimuthal
winding) to +£ (mazximum counterclockwise winding).

5.3 Matrix Elements of the Ladder Operators

With the complete spectrum established, the matrix elements of the ladder operators in the | £, m )
basis are determined by normalization.

Proposition 5.7 (Matrix elements of the ladder operators). In the | £, m) basis:

Lyl m)=®\/t(l+1)—m(m+1)]£, m+1), (40)
L |0, m)=®\/t(l+1)—m(m—1)|£, m—1). (41)
The square-root factors vanish at the termination points: for m = +4, £+ |4, ) =0; form = —¢,

L_|t,—t)=0.

Proof. By Proposition 4.4, L, | ¢, m) is proportional to | £, m+1) (for m < £). Write Ly | ¢, m) =

. 2
ch | ¢, m+ 1) for some constant ch. Compute |ch|2 = HL+ |4, m)HH

Hmw, m)Hi - <\e, m), L_L,|¢, m>>H
_ <\e, m), (L2 — 12 — @y L3)| ¢, m>>H

= (0 +1)P2 — m?P2 — mP3
= ®§[¢(L+1) — m(m +1)],

where in the second step we used the identity f/_fL+ =12 - ﬁ% — &y Ls from Lemma 4.8, and
in the third step we substituted the eigenvalues from Eq. (39). Choosing the positive real square
root: ch = ®o\/4(¢ + 1) — m(m + 1), which gives Eq. (40). The result for L_ follows by the same
argument using the identity ﬁ+ﬁ_ S - ﬁ% + &y L3 from Lemma 4.8.

For the termination: at m = ¢, the factor /(£+1) —£(¢+1) = 0 makes CZ@ =0,80 Ly |, ¢)=0.
Similarly at m = —¢, L_ ¢, —¢) = 0. O
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Remark 5.8. The square-root factors in Eqs. (40) and (41) provide a useful consistency check on
the spectral result. At the top of the ladder (m = {), the factor for Ly is VEl+1) —6(f+1) =0,
as required. At one step below the top (m = £ — 1), the factor is \/€({ + 1) — (€ — 1)l = V/2¢, which
grows with £ as expected: higher multiplets have larger ladder matriz elements. At the center of
the multiplet (m = 0), the factor is \/€(¢ + 1), which is the mazimum value within the multiplet.
These features are structural consequences of the spectral geometry and will be used in the hydrogen
atom matrix element computations of Sec. 7.

Remark 5.9. Theorem 5.5 together with Proposition 5.7 establishes that the family {|¢, m) : £ €
Zso, m € {—L,...,L}} is a complete orthonormal family of joint eigenstates of L? and Lz in the
angular sector Hilbert space Hang = L?(S?,C). This completeness follows from the spectral theorem
of QM1 applied to the commuting self-adjoint pair (sz, ﬁg): the joint spectral decomposition of any
state in Hang into the | £, m) basis is guaranteed by the spectral theorem, and the resolution of the
identity on Hang 15

[e%S) l
Loy = D D [m)(E,m]. (42)
=0 m=—¢
The position-space realization of the states | £, m) as spherical harmonics Y, (0, ) is the subject

of Sec. 6.

6 Spherical Harmonics as Angular Closure Eigenstates

The abstract joint eigenstates | £, m ) of L2 and L established in Sec. 5 are elements of the angular
sector Hilbert space Hang = L?(S8?,C). The present section derives their position-space represen-
tation: the functions on S? that realize the abstract eigenstates as square-integrable functions of
(0, ). The derivation proceeds by solving the angular eigenvalue equations directly in spherical
coordinates. The azimuthal equation, already solved by the holonomy condition of Sec. 5, gives
the factor e™¥. The polar equation, obtained by substituting the azimuthal solution into the
L2 eigenvalue equation, yields the associated Legendre equation whose regular solutions are the
associated Legendre polynomials Pllm‘(cos 0). The normalized product of these two factors is the
spherical harmonic Y™ (0, ¢).

6.1 L?in Spherical Coordinates

Before solving the angular eigenvalue equations, it is necessary to express L? in spherical coordi-
nates. The result shows that L? acts only on the angular variables (, ) and not on the radial
coordinate 7, confirming that the angular eigenvalue problem is well-posed on the unit sphere S2.

Proposition 6.1 (ﬁz as the Laplace-Beltrami operator on S?). In spherical coordinates (r,0, ),
the operator L? takes the form

- 1 0 0 1 02
12 = 2 I lsing 2 )+ —— 2 | = —a2A 4
0 [sin@ 0 (Sme ae) T Sin208gp2] 0255 (43)

where Ag2 is the Laplace—Beltrami operator on the unit sphere S%. In particular, L2 acts only on
the angular variables (0, ) and commutes with any function of r alone.

Proof. The Laplacian in spherical coordinates is
10 0 1
A= ——(rP= —A
r2 or <T 87") + r2 oS
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where Ag2 is as defined in Eq. (43). The operator L2 is related to the full Laplacian by the identity

A:16<28> L2 (44)

R
or P2r2’

which is established by direct coordinate transformation from the Cartesian expression 2 =
—®3 > k(0™ — 272%)0;0k + ... (using the explicit Cartesian components Eqgs. (2)-(4) and
the standard coordinate transformation formulas; the computation is standard and cited from [1]).
Solving Eq. (44) for L2 and substituting the spherical form of A 52 gives Eq. (43). O

Remark 6.2. Proposition 6.1 confirms that 1% is a purely angular operator. Combined with
Eq. (44), this gives the decomposition of the kinetic operator:

2 2 T2
T:_%A:_%la<r2§) _|_L7 (45)
r

2m 2m r2 Or 2mr2’

which separates the kinetic energy into a radial part and an angular (centrifugal) part I:Q/(Zmrg).
This decomposition is used in Sec. 7 to separate the hydrogenic Schrédinger equation into indepen-
dent radial and angular equations.

6.2 The Angular Eigenvalue Equations

The joint eigenvalue equations L2 f = ((0+1)®f and Ly f = m®g f on L?(S?) are now solved
explicitly. The ansatz of separation of variables f(6,p) = ©(0)®(¢) decouples the two equations.
The azimuthal equation. The L3z eigenvalue equation with L3z = —i®q J, (Lemma 5.1) gives

—i®y B () = mPy P(p),

with solution ®(p) = ¢ normalized on [0,27) as ®(p) = (2r)~ /2%, By Theorem 5.2, the
single-valuedness condition requires m € Z, already established.

The polar equation. Substituting f = ©(#)e™* and ﬁ%f = mzq)(%f into the L2 eigenvalue
equation Eq. (43) with eigenvalue £(£ + 1)®3:

1 d doe m?
—@} | ——|(sinf— | - —-0| = 1d2e. 4
0 [sianG (sm@ d9> sin29®] U+ 12O (46)
Dividing by —®2 and substituting u = cos 6, ©(6) = P(u):
d 9 dP m?

which is the associated Legendre equation with parameters £ and m.

Lemma 6.3 (Regular solutions of the associated Legendre equation). For ¢ € {0,1,2,...} and
|m| < ¢, the unique solution of Eq. (47) regular at w = £1 (i.e., at 8 = 0 and 0 = w) is the
associated Legendre polynomial

+Im|

m —1)lm g df
Pe' I(u):( ) (1_u2)\ \/2W

the Rodrigues formula for the associated Legendre function. For |m| > ¢, no regular solution exists.

(w? 1Y, (48)

Proof. This is a classical result of the theory of ordinary differential equations applied to the
Legendre equation [1,2]. The regularity condition at v = +1 (the poles of the sphere) requires ¢
to be a non-negative integer and |m| < ¢ for the power series solution to terminate and remain
bounded. The explicit Rodrigues formula Eq. (48) is the standard form of the regular solution; its
derivation is cited for orientation. O
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6.3 The Spherical Harmonics

The normalized product of the azimuthal and polar solutions defines the spherical harmonics.

Theorem 6.4 (Spherical harmonics as angular closure eigenstates). For ¢ € {0,1,2,...} and
m € {—L,...,+L}, the function

Y/ (0, ) = \/(264—7’; D) Ei; :::; P‘m‘(cos 9) (49)

is the position-space realization of the abstract eigenstate | £, m):
LPYM =0+ D)3V, Ly Y™ = mdy Y™, (50)
and is normalized on the unit sphere: fsg [V 2dQ = 1, where dQ2 = sin 6 df de.

Proof. The eigenvalue equations Eq. (50) follow directly: the L equation holds by construction

from the factor e (Lemma 5.1); the L? equation holds because PtJm| (cos 0) is the regular solution
of Eq. (47) with parameters (¢,m) (Lemma 6.3).
For normalization, verify [g, [Y,"|?dQ = 1:

52

2 T
/ dy / | P (cos )% sin 6.6
0 0

)!

Ar L+ |m])!
_(2e+1) (£—|m])! o 2 ‘(£+|m|)!:1
47 (€ + |m]|)! 2041 (L—1Im])! 7

2 (Lf[m))!

using the orthogonality integral for associated Legendre polynomials: | _11 [P;m‘ (w))? du = 21T (0=Jm])
(cited from [1]). The normalization constant in Eq. (49) is precisely that required for unit norm. [

Remark 6.5. The phase convention in Eq. (49) follows the Condon-Shortley convention, in which
the associated Legendre functions carry the factor (—1)"”‘ for m > 0 (absorbed into the Ro-
drigues formula Eq. (48)) and the spherical harmonics satisfy the complex conjugate relation Ylj =
(=1)"™Y, ™™ recorded in Proposition 6.7 below. This convention is adopted here for consistency with
the standard literature and with the subsequent papers QM6 through QM11. Different phase conven-
tions are used in different references; all give the same orthonormality and completeness properties
but differ by sign in individual matriz elements.

The lowest-degree spherical harmonics are recorded explicitly for reference.

Remark 6.6. The spherical harmonics for £ =0 and £ =1 are:

Yil = \/ smﬂeiw’

These are verified by direct substitution into Eq. (49) with P{(u) = 1, P(u) = u, and P}(u) =
—(1- u2)1/2 from the Rodrigues formula. The Y state represents a spherically symmetric angu-
lar closure configuration (constant on S?, no angular structure). The Y state has a cos® polar
modulation (aligned with the z-axis) and no azimuthal variation. The YljEl states have sinf po-
lar modulation (equatorial concentration) and azimuthal winding number £1, representing closure
configurations with one unit of azimuthal angular momentum.
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6.4 Orthonormality, Completeness, and Key Properties

Proposition 6.7 (Properties of spherical harmonics). The spherical harmonics Y;™ of Theorem 6.4
satisfy the following properties.

(i) Orthonormality on S%:
27 ™ ,
/ ng/ dé sin 6 Yem(ﬁ, 50) YZ"L (0, (p) = 6@8’5mm“ (51)
0 0

(ii) Completeness on L?(S?):

o) /
SO Y0, 9) YO, @) = 052((0,0). (0, ), (52)

=0 m=—/

where §g2 is the Dirac delta on the unit sphere. Every f € L*(S?) expands as f = Zz,m cemY,"
with cpy, = f52 Wfdﬁ

(iii) Parity: Under the inversion x — —x, equivalent to (6,¢) — (m — 0, ¢+ m):

Y (m = 0,0+ m) = (1) Y0, ). (53)

(iv) Complex conjugate:
Y0, 0) = (=1)" Y70, ). (54)

Proof. Part (i): Orthogonality for (£,m) # (¢, m’) follows from the self-adjointness of L? and Ls:
eigenstates with different eigenvalues are orthogonal. If m # m/, orthogonality follows from the
azimuthal integral fo%ei(m/*m)‘p do = 270mm:. If m = m/ but £ # ¢, orthogonality follows from
the associated Legendre orthogonality: [ PlJm|(cos G)Plz',nﬂ(cos 0)sinfdf = 0 for £ # ¢ [1]. Unit
normalization was verified in the proof of Theorem 6.4.

Part (ii): Completeness follows from the spectral theorem of QM1 applied to the commuting
pair (ﬁQ, ﬁg) on Hang = L*(S?): since both operators are self-adjoint and their joint spectrum is
discrete (Theorem 5.5), the complete orthonormal family of joint eigenstates forms a basis for Hang
by the spectral theorem [3]. The completeness relation Eq. (52) is the position-space expression of
the resolution of the identity Eq. (42).

Part (iit): Under (0,¢) — (7 — 6, + m): cos — —cosb, so PtJml(cos 0) — P{Jml(_ cosf) =
(—1)”|m|PlJm‘(cos 0) by the parity of associated Legendre functions [1]; and e™¢® — e!™(¢+m) —
(=1)™e™¥. The combined factor is (—1)“H™I(—1)" = (=1)ImH+™ For m > 0: |m| = m, so the
exponent is £ + 2m = ¢ (mod 2). For m < 0: |m| = —m, so the exponent is £ + (—m) +m = £. In
both cases the parity factor is (—1)¢, giving Eq. (53).

Part (iv): Taking the complex conjugate of Eq. (49): Y™ P(Jml(cos ) e”™¢. Since Pgm‘ is

real-valued, P{Jml = Pgm‘ = Pljfm|. The relation between the normalization constants for m and —m
is /(€ — Im])!/(€+ [m])! = /(£ — | —m])!/(£ + | — m])!, so the normalization factors are identical.
The Condon-Shortley phase gives the extra factor (—1)™ [1], yielding Eq. (54). O

Remark 6.8. In the NUVO transport closure framework, the spherical harmonics Y, (0, ) are the
angular components of closure states with definite total angular momentum £(¢ + 1)@% and definite
azimuthal winding number m. The parity property (iii) reflects the behavior of the closure state
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under spatial inversion x — —X: states with even ¢ are parity-even (symmetric under inversion)
and states with odd ¢ are parity-odd (antisymmetric). This parity structure is inherited by the full
hydrogenic eigenstates Vyem = Rye(r)Y;" (0, 9) of Sec. 7 (since Ryo(r) is parity-even as a function
of r > 0), giving the selection rule for electric dipole transitions: transitions between states of
the same parity are forbidden. The completeness property (ii) means that any square-integrable
function on S%—equivalently, the angular dependence of any closure state in H—can be expanded
in spherical harmonics. This expansion is the generalization of the Fourier series to functions on
the sphere and is the tool used throughout the QM-series wherever the angular structure of physical
states is analyzed.

7 Connection to the Hydrogenic Sector

The angular momentum structure derived in Secs. 3—6 is now connected to the hydrogenic sector
of the Q-series and QM4. The hydrogenic Hamiltonian Hy = T + Vi commutes with all three
angular momentum operators (QM4 Proposition 7.3), so its eigenstates can be chosen to be si-
multaneous eigenstates of L? and L;. The present section shows explicitly how this is achieved
through separation of variables, derives the constraint £ < n — 1 on the orbital quantum number
from the radial eigenvalue problem, establishes the n2-fold degeneracy of each energy level, and
records how the two holonomy quantization conditions—azimuthal (the present paper) and radial
(the Q-series)—combine to give the full n-f-m labeling of the hydrogen spectrum.

7.1 Separation of Variables for the Hydrogenic Hamiltonian
The hydrogenic Hamiltonian from QM4 is

2 2
o5 e

HyeTitye Ba_ ¢
H Vn 2m 4mep|z|

(55)

Using the decomposition Eq. (44) from Proposition 6.1:

2 72 2
PIH——(I)O18< 28)+ L e (56)

omr2or\| or omr?  Ameor

Since L? acts only on the angular variables (Proposition 6.1) and the Coulomb potential de-
pends only on r, the eigenvalue equation HyW = EW separates under the ansatz W, (r, 6, p) =

Rn@(r)}/ﬁm(67 80)
Proposition 7.1 (Separation of variables for hydrogenic eigenstates). The eigenstate ansatz
\I/nﬁm(ra 07 90) = Ry (T’) }/Zm (07 ()0) (57)

reduces the hydrogenic eigenvalue equation HyU = EV to a purely radial ordinary differential
equation for Ry(r):

[—%d(ﬂi)J““”’% N Bs(r) = B Rualr), (58)

2mr? Amegr

in which the angular momentum quantum number £ enters as a parameter through the centrifugal
term £(¢ + 1)®%/(2mr?).

22



Proof. Substitute the ansatz Eq. (57) into Hy¥ = EV using the form Eq. (56). Since I:2Y£m =
0(¢ + 1)®2Y;™ (Theorem 6.4), the operator L? acting on the product Ryo(r)Y,™(0, @) gives £(£ +
1)®Z R (r) Y, (0, ¢), replacing L? by the scalar £(£+1)®3. The radial differential operator and the
Coulomb term act only on Rp(r). Dividing through by Y;"(6,¢) # 0 yields the radial equation
Eq. (58), which depends only on r and the quantum number ¢, not on m. O

Remark 7.2. The radial equation Eq. (58) is independent of the magnetic quantum number m.
This independence is the algebraic origin of the 2¢ + 1 degeneracy in m for each £: all 20 + 1
states Wy, for m € {—C, ..., +L} share the same radial wave function R,e(r) and the same energy
etgenvalue Ey. This is a direct consequence of the rotational symmetry of the Coulomb potential:
since the Hamiltonian commutes with all rotations, no physical distinction can be made between
states related by rotation, and all states in the (¢, m)-multiplet are degenerate.

7.2 The Radial Equation and the Constraint on ¢

The radial equation Eq. (58) is the hydrogen atom radial Schrédinger equation. Its bound state
solutions exist only for discrete negative energies E,, < 0 and impose a constraint on the relationship
between the principal quantum number n and the orbital quantum number 4.

Proposition 7.3 (Radial bound state solutions and the constraint ¢ < n — 1). For the radial
equation Eq. (58) with £ € {0,1,2,...} fized, the normalizable (square-integrable) solutions exist

only for discrete energies

me4

By =—, ne{1,2,3,...}, 59
which are the energy levels established in the Q-series hydrogenic correspondence. For a given £,
the principal quantum number n satisfies

n>f0+1, equivalently, <n-—1. (60)

Proof. The radial equation Eq. (58) is solved by the substitution R,.(r) = r~'u(r), which trans-
forms it into the standard form of the hydrogen radial equation in terms of u(r). The bound state
solutions (E < 0) are found by the power series method: the series terminates to give a polynomial
times an exponential (ensuring square-integrability) if and only if the series truncation condition is
satisfied. This condition requires the principal quantum number n, defined as n = n,. + £+ 1 where
n, € {0,1,2,...} is the radial quantum number (the degree of the associated Laguerre polynomial
in the solution), to be a positive integer [2]. Since n, > 0, the constraint n =n, +£+1 > ¢+ 1
follows, giving Eq. (60). The energy eigenvalues Eq. (59) are recovered from the series truncation
condition and agree with the Q-series result; their derivation is cited from [2] as a classical result
of the radial analysis. O

Remark 7.4. The energy quantization Eq. (59) is the @Q-series holonomy quantization applied
to the radial transport closure path. In the Q-series, the integer winding number n of the radial
closure cycle was shown to select the discrete energy levels E, = fme4/(2<1)(2)n2). The present
paper has established the azimuthal holonomy quantization (selecting integer m) and the algebraic
structure of the ladder operators (constraining £ to non-negative integers via Theorem 5.5). The
radial constraint £ < n — 1 from Proposition 7.3 completes the quantum number structure, relating
the azimuthal and radial holonomy integers through the inequality £ < n — 1. All three quantization
conditions—radial holonomy (Q-series), azimuthal holonomy (QM5 Sec. 5), and algebraic ladder
termination (QM5 Sec. 4)—are manifestations of the single holonomy quantization principle.
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7.3 The Complete Quantum Number Structure and Degeneracy

Theorem 7.5 (Hydrogenic quantum number structure and energy degeneracy). The complete set
of quantum numbers for the hydrogenic system is (n,{,m) with

ne€{1,2,3,...},
0e{0,1,...,n— 1},
me{—,—0+1,...,0—1,0}.

FEach energy level E, is n*-fold degenerate:

n—1

gn=> (20+1)=n’ (61)

=0

The complete set of hydrogenic energy eigenstates is
{Vntm = Re(r) Y/ (0,0) [In>1,0< 0 <n—1, |m| < {}, (62)

and these form a complete orthonormal system in H for the bound-state sector of the hydrogenic
spectrum.

Proof. The allowed values of (n,¢,m) follow from combining: n > 1 (positive integer, from the
radial holonomy quantization of the Q-series), / < n — 1 (from Proposition 7.3), ¢ > 0 (from
Theorem 5.5), and |m| < ¢ (from Theorem 5.5). For the degeneracy: the number of states with
principal quantum number n is

n—1 n—1
-1
Gn = E (2€+1):2E €+n:2-(712)n+n:n(n—1)+n:n2,
=0 /=0

using the identity E?:_ol ¢ = n(n — 1)/2. Completeness of the eigenstate family in the bound-
state sector follows from the spectral theorem applied to Hy on H (QM1 Theorem 6.1 applied to
the self-adjoint operator Hy of QM4 Theorem 4.2): the discrete spectral family corresponding to
adiSC(I:IH) = {E,}n>1 forms a complete basis for the discrete-spectrum subspace of H. ]

Remark 7.6. The n’-fold degeneracy of the hydrogenic energy level E, has a two-part origin in
the NUVO framework. The (20 + 1)-fold degeneracy in m for fized ¢ is the azimuthal rotational
degeneracy: all 20 + 1 states Vo, with m € {—{,... +L} are related by rotations about the z-axis
and are degenerate because the Coulomb potential is rotationally symmetric. The additional n-fold
degeneracy in € (the fact that states with different ¢ but the same n are also degenerate) is the
accidental or dynamical degeneracy of the Coulomb potential, which has a higher symmetry than
SO(3): it is invariant under the full SO(4) symmetry group of the Kepler problem. The SO(4)
symmetry of the hydrogen atom is the generator of the Runge-Lenz vector conservation, which in
the quantum-mechanical setting commutes with Hy and generates transitions between different £
values at the same energy. A full treatment of the SO(4) symmetry is beyond the scope of the
present paper and is deferred as a structural extension of the QQM-series.

7.4 The Hydrogenic Eigenstates and the Q-Series

The quantum number structure established in Theorem 7.5 completes the arc from the Q-series to
the present paper.
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Remark 7.7. The Q-series derived the hydrogenic energy spectrum E, = —me4/(2<1>%n2) from the
radial holonomy quantization condition, identifying n as the integer winding number of the radial
transport closure cycle and firing ®9 = h through the correspondence limit. At that stage, the
angular structure of the hydrogenic states was not analyzed: the Q-series established the energy
eigenvalues but not the full wave functions. The present paper completes this analysis. The angular
structure of each energy eigenstate is encoded in the spherical harmonic Y, (0, ), whose quantum
numbers (¢, m) are determined by the azimuthal holonomy and the angular momentum algebra. The
full hydrogenic wave function Wy (r,0,0) = Rue(r)Y;"(0,¢) is thus the product of two separately
derived structures: the radial factor Rpe(r) determined by the Q-series radial holonomy and the
radial equation, and the angular factor Y;™(0,¢) determined by the azimuthal holonomy and the
angular momentum algebra of the present paper. The hydrogenic sector of the NUVO program is
thereby complete: energy levels from the Q-series, angular structure from QMS, dynamics from
QMY4, and the full quantum number structure from all three.

Proposition 7.8 (Orthonormality and completeness of hydrogenic eigenstates). The hydrogenic
eigenstates Eq. (62) satisfy:

(i) Orthonormality: (Ve Vnem)sy = Onn/O0e Omm -

(i) Completeness in the discrete sector: > >° | ?:_01 an:_é [V om) (Yoem| = Piisc, where P

is the projection onto the discrete-spectrum subspace of H.

Proof. Part (i): For the angular factor: orthonormality of the spherical harmonics (Proposi-
tion 6.7 (i)) gives [ g2 Ygf’llYem dQ = 6pprpmms. For the radial factor: the radial functions Ry.(r)
are orthogonal with respect to the radial inner product [ r?| Ry (r)|?|Rpe(r)[* dr; this is estab-
lished by self-adjointness of the radial Hamiltonian operator for each fixed ¢ [2]. Combining the
angular and radial orthonormality: (W, ps, Viem) g, = Onn/Ooe Omm! -

Part (ii): Follows from the spectral theorem applied to the discrete part of o(Hy) (QM1
Theorem 6.1 and QM4 Proposition 4.4): the discrete eigenstates form a complete basis for the

discrete-spectrum subspace. O

8 Angular Momentum Sum Rules and Uncertainty Structure

The present section derives the L2 sum rule for angular momentum eigenstates, a result promised in
QM3 Remark 7.3 and now established with the full spectral theory of Secs. 4 and 5 available. The
section then verifies the consistency of the Robertson uncertainty bounds of QM3 Proposition 7.1
against the explicit standard deviations of the angular momentum eigenstates, identifies the con-
ditions under which the Robertson bound is saturated, and records the full uncertainty structure
that the sum rule imposes on the family of | £, m) states.

8.1 Expectation Values in Angular Momentum Eigenstates

The explicit eigenvalue equations Eq. (39) immediately yield the expectation values of L2, Ls, and
their squares. The expectation values of the transverse components Ly and L, require the ladder
operator structure.
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Lemma 8.1 (Expectation values in | ¢, m)). For the normalized eigenstate | £, m):

63
64

( (63)
( (64)
(L3) = m*®¢, (65)
{ (66)
( (67)
Proof. Equations (63)(65) follow directly from the eigenvalue equations L[ £, m ) = £(£+1)®3| £, m))

and Ls| £, m) = m®| £, ~m) by taking the inner product with [, m).
For Eq. (66): write L; = (L + L_)/2. Then

(L1) = %(<€,m, Loleom)+ (6., L_|e.m)).

By Proposition 5.7, Ly |¢, m) o [£, m + 1) (for m < £) or zero (for m = £), and L_|¢, m)

|6, m —1) (for m > —{) or zero (for m = —/). In all cases, the resulting states are orthogonal
to | ¢, m) by the orthonormality of the basis (Theorem 5.5), so both inner products vanish and
(L1) = 0. The argument for (L) = 0 is identical using Lo = (L, — L_)/(2i). O

Remark 8.2. The vanishing of <f/1> and <ﬁ2> in any Ls-eigenstate reflects the rotational symmetry
of the angular momentum algebra: a state with a definite z-component of angular momentum has
no preferred direction in the x-y plane, so the mean transverse angular momentum must vanish.
This is the angular momentum analogue of the statement that a plane wave (a definite-momentum
state) has zero mean position: the state is maximally spread in the conjugate variable. Notably,
the vanishing of (L) and (L) does not mean the transverse angular momentum is absent — the
standard deviations ALy and ALs are in general non-zero, as established in Theorem 8.8 below.

8.2 The L2 Sum Rule

With the expectation values of Lemma 8.1 in hand, the standard deviations of all three angular
momentum components in the eigenstate | ¢, m) are determined.

Theorem 8.3 (f)z sum rule for angular momentum eigenstates). For the normalized eigenstate
| £, m) of L? and Ls, the standard deviations of the three angular momentum components satisfy:

(AL3)* = (L3) — (Ls)* =0, (68)
(AL = ALy = LEV 1 g2 (69)
3
S AL + (L)% = (¢ + 1)@, (70)
j=1

where Eq. (70) is the L? sum rule.

Proof. Equation (68): Since | ¢, m) is an eigenstate of L3 with eigenvalue m®: (AL3)? = @%) -
(L3)? = m?®% — m2®% = 0.
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Equation (69): From L? = L} + L3 + L% and the eigenvalue of L?:
(L3) + (L3) = (L%) — (L3) = €(£ + 1)®F — m*®F = [£(£ + 1) — m?] D5 (71)

To show (L?) = (L3), note that the eigenstate | £, m ) is invariant in expectation values under the
discrete rotation &' — #2, #2 — —&' (rotation by 7/2 about the z-axis), which maps L1 — Ly
and Ly — —L;. Since f/g—eigenstates have azimuthal symmetry under rotation about the z-axis
(the azimuthal factor '™ acquires only a phase under such rotation, which cancels in expectation
values of Hermitian operators), the expectation values of I:% and ﬁ% are equal. Therefore <IA/%> =
(L3) = [6(£ + 1) — m?)®2/2. Since (L1) = (Ly) = 0 (Lemma 8.1): (ALy)? = (L?) — (L,)? = (L3) =
[0(¢ + 1) — m?)®3/2, and similarly for (ALs)?.
The sum rule Eq. (70):

3

[(ALj)?+ (L;)?] = [(AL1)* + 0] + [(ALg)® + 0] + [0 + m?®3]
=1

J

—m2 2
_E(ﬁ—i—lz) m¢%+£(€+12) m@%—l—mz@%
= [0(£ 4 1) — m?| B2 + m? P2 = (L + 1)D2,
using Eqs. (66)—(67) and (68)—(69). O

Remark 8.4. The sum rule Eq. (70) expresses the conservation of total angular momentum in a
geometric form. The quantity Zj[(ALj)2 + (L;)?] is the sum of the squared standard deviations
and squared means of all three angular momentum components, which equals the expected value of
Zj ﬁ? =12 In the | ¢, m) eigenstate, this sum is ezactly £({ + 1)®3, independent of m. The m-
dependence of the individual contributions—smaller transverse spread ALy = ALy for larger |m),
exactly compensated by larger z-mean (ﬁg) = m®Py—reflects the geometric constraint that increasing
the z-component of the angular momentum reduces the available transverse spread within the total
angular momentum budget £(¢ + 1)®Z.

8.3 Consistency with the Robertson Uncertainty Bounds

The explicit standard deviations from Theorem 8.3 can now be checked against the Robertson un-
certainty bounds established in QM3 Proposition 7.1. This verification closes the forward reference
in QM3 and establishes when the Robertson bounds are tight.

Proposition 8.5 (Consistency and saturation of Robertson bounds for angular momentum eigen-
states). For the eigenstate | ¢, m), the Robertson uncertainty relations of QM3 Proposition 7.1 are
satisfied. The (Ly, La)-bound with the Ls right-hand side is:
2

l+1)—m @32M®%:%

2 2 2
with equality if and only if |m| = € (the mazximally polarized stretched states |¢, +¢)). By cyclic
symmetry, the (La, L3) and (Ls, L1) bounds are:

ALy - ALy = (Ls)|, (72)

)] o

ALQ-AL3:020:?O(L1), (73)
) A

AL3-AL1:020:7°\<L2)\, (74)

both trivially satisfied since ALs =0 and (L1) = (Ly) = 0.
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Proof. Equation (72): From Theorem 8.3, AL; = ALy = ®q+/[(({ + 1) — m2]/2. Therefore AL -
ALy = [£(£ + 1) — m?]®2/2. The Robertson bound is (®o/2)|(L3)| = |m|®2/2. The inequality
[0(£+1)—m?]/2 > |m|/2 is equivalent to £(£+1) > m?+ |m| = |m|(Jm|+1). Since |m| < ¢ and the
function ¢(¢ + 1) is increasing for ¢ > 0, we have |m|(|m|+ 1) < ¢(¢+ 1), confirming the inequality.
Equality holds iff |m/|(|m|+ 1) = ¢(¢ + 1), which (for non-negative integers) holds iff |m| = ¢.
Equations (73) and (74): ALs = 0 (Theorem 8.3), and (L1) = (Ls) = 0 (Lemma 8.1), so both
sides of each inequality are zero; both are trivially satisfied. O

Remark 8.6. The saturation condition |m| = ¢ identifies the stretched states | ¢, ¢) and |{, —{)
as the angular momentum eigenstates for which the Robertson bound Eq. (72) is saturated. For
the stretched state |0, £): ALy = ALy = ®g\V1l/\/2 (from Theorem 8.3 with m = ¢, giving [0(¢ +
1) — £%]/2 = £/2), and the Robertson bound is (®g/2)|(L3)| = (®3/2. The product is ALy - ALy =
(®2/2) -4 = (D32, exactly equal to the bound. Geometrically, the stretched states are those in which
the angular momentum vector is maximally aligned with the z-axis, minimizing the transverse spread
consistent with the total angular momentum budget.

Remark 8.7. The Robertson inequality is non-saturated for all eigenstates |, m) with |m| < ¢
(the non-stretched states). For example, the state | ¢, 0) (maximum total angular momentum, zero
z-component) has ALy - ALy = £({ 4 1)®2/2, while the Robertson bound is zero (since (Lz) =0).
The gap between the actual product and the Robertson bound grows as |m| decreases from £ to
0. This illustrates the general feature noted in QM3 Sec. 9: the Robertson inequality provides
a necessary condition on the uncertainty product in terms of the commutator expectation value,
but the commutator-based bound may be far from tight for specific states. The sum rule Eq. (70)
provides the additional constraint beyond Robertson that fully determines the individual standard
deviations ALy and ALs for angular momentum eigenstates.

8.4 The Uncertainty Structure Across the Multiplet

The sum rule and the Robertson consistency check together determine the complete uncertainty
structure across the {-multiplet: the family of 2¢ + 1 states {|¢, m) :m = —{,... +/(}.

Corollary 8.8 (Uncertainty structure of the ¢-multiplet). For the {-multiplet {| ¢, m)}:

(i) ALs = 0 for all states in the multiplet: each state has definite z-component of angular
momentum.

(ii) AL; = ALy = ®\/[((€ + 1) —m2]/2 for each m. The transverse spread is mazimum for
m = 0 (the equatorial state) and minimum (but non-zero for £ > 0) for |m| = € (the stretched
states).

(ili) The Robertson bound Eq. (72) is saturated only for the two stretched states | ¢, +0).

(iv) The sum rule Eg. (70) is constant across the multiplet: every state | £, m ), for any m, satisfies
>I(ALy)? 4 (Ly)?] = (L + 1)@,

Proof. All four parts follow directly from Theorem 8.3 and Proposition 8.5. Part (i) is Eq. (68).
Part (ii) is Eq. (69) with the explicit values at m = 0 (giving ¢(¢ + 1)/2 per component) and
|m| = ¢ (giving ¢/2 per component, since £(¢ + 1) — ¢?> = ¢). Part (iii) is the saturation condition
of Proposition 8.5. Part (iv) is the sum rule Eq. (70). O
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Remark 8.9. Corollary 8.8 completes the program of QM3 Remark 7.3, which stated the sum rule
Zj[(ALj)z + (ﬁj>2] =0l +1)®% as a result to be established in QM5. The derivation given here
requires, in order: the angular momentum commutation algebra of Theorem 3.1 (for the vanishing
of transverse means via ladder operators), the spectral theorem of QM1 applied to L? and Ly (for the
eigenvalue equations), and the azimuthal symmetry of the f)g—eigenstates (for the equality ALy =
ALs). None of these inputs was available in QMS3; the forward reference was therefore necessary and
is now closed. The sum rule, together with the Robertson uncertainty relations of QMS, provides
a complete characterization of the angular momentum uncertainty structure for eigenstates: the
Robertson relations give lower bounds on products of standard deviations, while the sum rule gives
the sum of all squared standard deviations and squared means. Together these two constraints
uniquely determine ALy, ALo, and ALs for every |, m) state.

9 Interpretive Clarifications and Scope

The present section collects the interpretive constraints that govern the angular momentum analysis
of the preceding sections and states them as a unified set of boundary conditions on the NUVO
account of rotational transport structure. Three items are addressed: the interpretation of the
quantum numbers ¢ and m as holonomy invariants rather than classification labels, the status of the
spherical harmonics as geometric transport eigenstates rather than imported special functions, and
the scope of the present construction relative to the remainder of the QM-series. These constraints
protect the logical integrity of the series by preventing the importation of interpretive content that
has not been derived within the scalar—conformal NUVO framework.

9.1 Quantum Numbers as Holonomy Invariants

In the standard formulation of quantum mechanics, the quantum numbers ¢ and m are introduced
as integer labels that classify angular momentum states. Their integer character is established either
by the regularity of the solutions to the associated Legendre equation (in the analytic approach) or
by an ad hoc argument excluding half-integers after the algebraic ladder analysis (in the algebraic
approach). In neither approach is the physical origin of the integrality made explicit.

In the NUVO framework, the quantum numbers have a precise geometric origin. The magnetic
quantum number m is the winding number of the azimuthal transport closure path: the integer
that counts how many times the transport phase completes a full cycle 2n®( as the azimuthal angle
¢ advances through one period [0, 27). This is the holonomy quantization condition of the Q-series
applied to the azimuthal transport structure, established in Theorem 5.2. The condition is not an
additional postulate but the same holonomy principle that quantized the hydrogenic energy levels
in the Q-series, now applied to a different closed path.

The orbital quantum number ¢ is the maximum azimuthal winding number accessible within
a given total angular momentum multiplet. Its integer character and non-negativity follow from
combining the holonomy condition (which requires m € Z) with the algebraic termination of the
ladder sequence (which requires pimax = ¢9Pg for integer £ > 0), as established in Theorem 5.5. The
quantum number ¢ is not introduced as a label; it is derived as the algebraic consequence of the
holonomy selection acting on the ladder structure.

Remark 9.1. The three quantum numbers of the hydrogenic system have the following holonomy
origins within the NUVO program:
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Quantum number  Physical origin NUVO derivation

n (principal) Radial closure winding number Q-series holonomy quantization
¢ (orbital) Mazimum azimuthal winding number Ladder algebra + azimuthal holonomy
m (magnetic) Azimuthal closure winding number QM5 holonomy (Theorem 5.2)

All three quantum numbers arise from the same geometric mechanism — the holonomy quanti-
zation of transport closure paths — applied at different levels of the transport structure. The radial,
azimuthal, and algebraic aspects of the quantization are not independent postulates but manifesta-
tions of a single principle: on a closed transport path, the accumulated phase must be an integer
multiple of 2w ®y.

9.2 Spherical Harmonics as Geometric Transport Eigenstates

The spherical harmonics Y, (6, ) established in Theorem 6.4 are, in the standard mathematical
literature, a well-known family of special functions defined as solutions of the Laplace-Beltrami
eigenvalue problem on S2. Their properties — orthonormality, completeness, parity, the addition
theorem, and the connection to associated Legendre polynomials — are classical results whose
derivation predates quantum mechanics.

In the NUVO framework, the spherical harmonics are not imported as known functions. They
are derived as the position-space realization of the abstract angular momentum eigenstates | ¢, m ),
whose existence and quantum number labeling are established algebraically and holonomically in
Secs. 3-5 prior to and independently of any coordinate representation. The derivation in Sec. 6 then
identifies these abstract eigenstates with specific functions on S? by solving the angular eigenvalue
equations in spherical coordinates. The spherical harmonics emerge from this identification; they
are not assumed.

Several properties of the spherical harmonics that are classically derived from their analytic
definition are, in the NUVO framework, consequences of prior algebraic or spectral results.

Orthonormality (Proposition 6.7 (i)): follows from the self-adjointness of L? and Ls and the dis-
tinctness of their joint eigenvalues — not from the orthogonality theory of the associated Legendre
functions as such.

Completeness (Proposition 6.7 (ii)): follows from the spectral theorem of QM1 applied to the
commuting pair (L?, L3) on L?(S?) — not from the theory of Fourier series on 2 as such.

Parity (Proposition 6.7 (iii)): follows from the behavior of the closure state under spatial
inversion x — —x, which is a symmetry operation on the scalar—conformal transport system.

The classical results of the theory of spherical harmonics are thereby re-derived as consequences
of the NUVO transport closure geometry and its associated operator algebra, rather than being
imported from the theory of special functions. The external references to Edmonds [1] and Galindo-
Pascual [2] serve to verify agreement with the classical literature and to supply the Rodrigues
formula for the associated Legendre functions; they are not the primary logical inputs to the
derivations.

Remark 9.2. The present paper derives the spherical harmonics as angular closure eigenstates
on S%. Their appearance throughout the subsequent QM-series papers — as angular factors in
the three-dimensional harmonic oscillator eigenstates (QM6), as basis functions for multi-particle
angular momentum states (QM7), as the angular components of spin-orbit coupled states in QMS,
and as partial wave basis functions in scattering theory (QM10) — follows from the completeness
of the spherical harmonics on L?(S?) established here. In each subsequent application, the spherical
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harmonics appear not as imported special functions but as the previously derived eigenstates of the
rotational transport structure.

9.3 The Integer versus Half-Integer Distinction

The distinction between integer orbital angular momentum (the content of the present paper) and
half-integer spin angular momentum (the content of QMS8) is a structural distinction within the
NUVO program, not an ad hoc exclusion.

The algebraic analysis of Sec. 4 establishes that pimax/®o € %Z: the maximum Lg eigenvalue
is a half-integer or integer multiple of ®j. The holonomy condition of Sec. 5 restricts p/®y € Z
for admissible transport closure states on H, thereby selecting the integer case. This restriction
arises because the closure state U is required to be single-valued on R?: after the azimuthal angle
¢ completes one full period [0,27), the state must return to its initial value. Single-valuedness
on R3 is a requirement of the transport closure framework because ¥ encodes the closure density
p = |¥|%, which must be a well-defined function on physical space.

In QMS, the transport closure structure is extended to the double cover SU(2) of the rotation
group SO(3). On the double cover, the physical space of the transport is not R? with single-valued
functions but a bundle over R? with a non-trivial topology. The single-valuedness condition is
relaxed to U(p + 4m) = U(¢p) (a 47 period), which selects y/®g € 1Z. The half-integer quantum
numbers of spin therefore arise from the same holonomy quantization principle as the integer quan-
tum numbers of orbital angular momentum, applied to a transport structure with a topologically
non-trivial base space.

The distinction between integer and half-integer is thus a distinction between two topological
structures:

e Integer orbital angular momentum: single-valued transport closure on SO(3), holonomy pe-
riod 27, m € Z.

e Half-integer spin: transport closure on SU(2), holonomy period 4w, j € %Z.

No ad hoc exclusion of half-integers from the orbital case is needed; the single-valuedness condition
on R? provides the exclusion naturally.

9.4 Scope of the Present Construction

The present paper establishes the complete angular momentum algebra, spectrum, spherical har-
monic eigenstates, hydrogenic quantum number structure, and sum rules for the orbital angular
momentum of the scalar—conformal transport system. The following results are established in the
present paper and are available as inputs to subsequent QM-series papers.

Algebraic results: The commutation algebra [L;, Ly] = i® ;L and [L?, L;] = 0 (Theorems 3.1
and 3.3); the ladder operator commutation relations and their action on eigenstates (Lemma 4.3
and Proposition 4.4); the ladder product identities f/_ﬁ+ =1?— ﬁg — ®y Ls (Lemma 4.8).

Spectral results: The complete joint spectrum of L2 and Ls (Theorem 5.5); the matrix elements
of the ladder operators in the | £, m) basis (Proposition 5.7); the resolution of the identity on Hang
(Eq. (42)). X

Position-space results: The form of L? as —®%Ag: in spherical coordinates (Proposition 6.1);
the spherical harmonics Y™ as angular closure eigenstates with their normalization, orthonormality,
completeness, parity, and complex conjugate properties (Theorem 6.4 and Proposition 6.7).
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Physical sector results: The separation of variables for the hydrogenic Hamiltonian (Proposi-
tion 7.1); the constraint ¢ < n — 1 and the n?-fold degeneracy (Theorem 7.5); the orthonormality
and completeness of the hydrogenic eigenstates (Proposition 7.8).

Uncertainty results: The L? sum rule for angular momentum eigenstates (Theorem 8.3); the
consistency and saturation of the Robertson bounds (Proposition 8.5 and Corollary 8.8).

The following topics are deferred to subsequent papers.

Angular momentum addition and Clebsch-Gordan coefficients. The present paper treats the
angular momentum of a single transport closure sector. The addition of angular momenta for
composite systems — Lot = L1 + Lo — and the Clebsch-Gordan decomposition of the tensor
product ”Hg&l)g ®Hg%1)g into irreducible representations of SO(3) are developed in QM7. The Clebsch-
Gordan coefficients (j1,m1; jo, ma|J, M) that express coupled angular momentum states in terms
of uncoupled states require the multi-particle Hilbert space of QM7 and are outside the scope of
the present paper.

Spin angular momentum. The double-cover holonomy structure that gives rise to half-integer
spin quantum numbers and the spinor representation of the rotation group are developed in QMS.
The present paper establishes the integer-holonomy case only; QM8 builds on the same algebraic
and holonomic framework to derive the spin structure.

Tensor operators and the Wigner-Eckart theorem. The systematic treatment of operators that
transform as irreducible representations of SO(3) (tensor operators) and the Wigner-Eckart theorem
that factors their matrix elements into a geometric (Clebsch-Gordan) part and a dynamical (reduced
matrix element) part are beyond the scope of the present paper. This material is relevant to the
selection rules for transition matrix elements in QM10 and is recorded as a structural extension of
the series.

The SO(4) accidental degeneracy. The additional n-fold degeneracy of the hydrogen energy
levels (beyond the 2¢+ 1 rotational degeneracy) was noted in Remark 7.6 as arising from the SO(4)
symmetry of the Coulomb problem. The derivation of this symmetry group and the associated
Runge-Lenz vector operator, and the demonstration that the full n? degeneracy is generated by
the SO(4) algebra rather than the SO(3) algebra alone, are deferred as a structural extension of
the hydrogenic analysis.

Relativistic angular momentum. The covariant generalization of the angular momentum op-
erators to the relativistic transport sector, including the orbital angular momentum in the Dirac
equation and the covariant spin-orbit coupling, is developed in QM11 and the RQM-series.

10 Conclusion

10.1 Summary of Results

The present paper has derived the complete angular momentum algebra, spectrum, and eigenstate
structure of the scalar—-conformal NUVO transport closure system from the canonical commutation
relations of QM1 and the holonomy quantization principle of the Q-series, without postulating the
quantum numbers ¢ and m, the commutation algebra, or the spherical harmonics. The eighteen
principal results are as follows.

The angular momentum commutation algebra (Theorem 3.1). The relation [ﬁj,i}k] =
i®g ejklﬁl is derived by explicit computation from the three canonical commutation relations [#7, pi] =
i®( 87y, [27, 2% = 0, and [p;, p] = 0 of QM1 Proposition 5.4. The computation expands the bracket
[I:l, ﬁg] into sixteen terms via the Leibniz rule, of which fourteen vanish by the commutativity of
position operators, of momentum operators, and of position and momentum operators in different
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directions; the two surviving terms combine to give i® Ls. The remaining two cyclic relations
follow by relabelling indices.

Commutativity of L? with each component (Theorem 3.3). The relation [ﬁ2,ﬁj] =0
is derived from the commutation algebra of Theorem 3.1 by the Leibniz rule: the contributions
from [L?, L3] and [L3, L] each produce an anti-commutator {Ll, Lg} with opposite signs, and the
cancellation reflects the rotational isotropy of L2, The pair (L2 L3) constitutes a complete set of
commuting observables for the angular sector.

Self-adjointness and non-negativity of 12 (Proposition 3.6). Each ﬁj is essentially self-

. 12
adjoint on H (recalled from QM4 Proposition 7.2). The non-negativity <\1!, LQ\I/>H = Zj HL]-\I/HH >

0 implies p? < X for any joint eigenstate with 12 eigenvalue A and Ly eigenvalue u, bounding the
ﬁg spectrum and forcing the ladder sequence to terminate.

Ladder operators and their commutation relations (Definition 4.1 and Lemma 4.3).
The raising and lowering operators L, = Li + iLs and L_ —iL, satisfy [ig,[:Jr] = ®g L,
[L3,L_] = —®gL_, [Ly,L_] = 2®¢ L3, and [L? L] = [f/ ] = 0. These are derived from
Theorem 3.1 by direct substitution.

Raising and lowering action on eigenstates (Proposition 4.4). The operator Ly maps a
joint eigenstate with Ls eigenvalue p to one with eigenvalue p + ®q, preserving the L2 eigenvalue;
L maps to u—Py. Repeated application generates the complete multiplet from any single member.

Algebraic spectral constraints from ladder termination (Theorem 4.6 and Lemma 4.8).
The ladder product identities ﬁ_li+ =12 f)% — & ﬁg and ﬁ+1i_ =12 f)% + P ﬁg, applied at the
termination points ﬁ+\11max =0and L_ VU, = 0, yield pimin = —fmax and A = fimax (max + Po)-
The algebraic analysis alone admits both integer and half-integer values of pimax/®Po.

Integer quantization of m from holonomy (Theorem 5.2). The representation Ly =
—i®( 0, in spherical coordinates (Lemma 5.1) and the single-valuedness condition ¥(p+2m) = ¥(yp)
require e 2™/ %0 — 1, selecting . = m®y for m € Z. This is the Q-series holonomy quantization
applied to the azimuthal transport closure path.

Complete joint spectrum of L? and L3 (Theorem 5.5). Combining the algebraic constraints
with integer holonomy gives o(L?) = {£({ + 1)®3 : £ = 0,1,2,...} and o(L3)|¢ = {m®Py : m =
—4,...,+Ll}, with 2¢ + 1-fold degeneracy in m for each ¢. The half-integer case is excluded by the
27 holonomy period of the orbital transport closure on SO(3).

Matrix elements of the ladder operators (Proposition 5.7). L |¢, m) = Por\/L(0 + 1) —m(m + 1) | ¢, m+

=L -
L-

1) and the analogous lowering formula, derived by computing HI:JF\ l,m) H2 via the ladder product
identity. The square-root factors vanish at the termination points m = +/, confirming the ladder
structure.

I? as the Laplace—Beltrami operator (Proposition 6.1). In spherical coordinates, 2 =
—<I>3A52, where Ag2 is the Laplace—Beltrami operator on the unit sphere This separates the
kinetic operator into radial and centrifugal parts: T = —(®2/2m)(1/12)9,(r2d,) + L?/(2mr?).

Spherical harmonics as angular closure eigenstates (Theorem 6.4). The position-space
eigenfunctions of L? and Lz on S? are the spherical harmonics Y,"(0,9) = /\/nglJml(cos 0)eime,
derived as solutions of the angular eigenvalue equations: the azimuthal equation gives e'™¥ from
Theorem 5.2, and the polar equation gives the associated Legendre polynomial Pgm‘ from the
regularity condition at the poles of S2.

Orthonormality, completeness, parity, and complex conjugate of spherlcal harmon-
ics (Proposition 6.7). Orthonormality follows from self—adjomtneSS of L? and Ls; completeness on
L%(S?) follows from the spectral theorem of QM1; parity (—1)¢ under x — —x follows from the
coordinate transformation; and Y;" = (—1)™Y, ™ from the Condon-Shortley convention.
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Separation of variables for the hydrogenic Hamiltonian (Proposition 7.1). The decom-
position Hy = —(®2/2m)(1/r2),(r?8,) + L?/(2mr?) — €2 /(4megr) and the L*-eigenstate property
of Y, reduce the hydrogenic eigenvalue equation to the purely radial equation Eq. (58) with £ as
a parameter.

Hydrogenic quantum number structure and n? degeneracy (Theorem 7.5). The con-
straint £ < n — 1 from the radial bound state analysis and the 2¢ + 1 values of m for each ¢ give
the total degeneracy g, = ?:_01 (2¢ +1) = n?. The full n-f~-m quantum number labeling of the
hydrogen spectrum is thereby established.

Orthonormality and completeness of hydrogenic eigenstates (Proposition 7.8). The
family {V,em = Rne(r)Y;"(6,¢)} is complete and orthonormal in the discrete-spectrum subspace
of H by the spectral theorem applied to Hy.

The L? sum rule for angular momentum eigenstates (Theorem 8.3). For |, m): ALs =
0, ALy = ALy = ®+/[((¢ + 1) — m?]/2, and the sum rule Y ;[(AL;)? + (L;)?] = £(¢ + 1)®3 holds
for all m in the multiplet. This result closes the forward reference of QM3 Remark 7.3.

Consistency and saturation of Robertson bounds (Proposition 8.5 and Corollary 8.8).
The Robertson bound AL; - ALy > (®0/2)|(Ls)| is satisfied for all | £, m) eigenstates and is
saturated precisely for the stretched states |m| = ¢. The Robertson bounds involving ALs are
trivially satisfied since ALz = 0 and (L) = (L) = 0 in Ls-eigenstates.

10.2 Programmatic Significance

The results of the present paper are of broad programmatic significance for the scalar—conformal
NUVO series on three grounds.

The first and most fundamental is the derivation of the angular momentum commutation alge-
bra from the canonical commutation relations. In the standard formulation of quantum mechanics,
the angular momentum commutation algebra is either postulated as part of the definition of an-
gular momentum operators or stated as a corollary of the Lie algebra of SO(3) whose derivation
is typically relegated to group theory. In the NUVO framework, the algebra is derived by explicit
computation from the CCR of QM1, in a proof (Theorem 3.1) whose each step traces to the canon-
ical commutation relation [/, py] = i®g 6’y and the Leibniz rule. This means the entire angular
momentum structure of the QM-series — the spectrum, the spherical harmonics, the hydrogenic
quantum numbers, and all subsequent applications in QM6 through QM11 — is grounded in the
single algebraic input of the CCR, itself derived in QB2 from the differential operator representation
of the transport generators. The derivation chain from transport geometry to hydrogen spectrum
is now unbroken: Q-series transport closure — QB2 momentum generators — QM1 CCR on H —
QM5 angular momentum algebra — spherical harmonics — hydrogenic eigenstates.

The second ground is the unified treatment of quantization by the holonomy principle. Three
distinct quantization conditions in the NUVO program are now identified as manifestations of the
same geometric principle: on a closed transport path, the accumulated phase must be an integer
multiple of 27®y. The radial holonomy (Q-series) quantizes the energy; the azimuthal holonomy
(QM5 Theorem 5.2) quantizes the magnetic quantum number; and the algebraic termination of the
ladder (QMb5 Theorem 4.6) determines the orbital quantum number from the integer constraint.
QM8 will extend this to the spin holonomy on the double cover of SO(3). The emerging picture
is that quantization in the NUVO program is uniformly a consequence of holonomy: the discrete
structure of the quantum spectrum is a direct geometric consequence of the topological properties
of the closed transport paths in the scalar—conformal exchange sector.

The third ground is the completion of the hydrogenic sector. The present paper combines with
the Q-series (energy spectrum), QM4 (hydrogenic Hamiltonian and its self-adjointness), and QM1
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(spectral theorem) to give the complete description of the hydrogen atom within the NUVO pro-
gram: energy levels, wave functions, quantum number structure, degeneracy, and orthonormality.
This is the first complete physical system fully accounted for within the scalar—conformal frame-
work, and it validates the program architecture: the derivation chain from the M-series geometry
to the full hydrogen spectrum is now available without any postulated input from the standard
quantum-mechanical formalism.

10.3 Transition to QM6

The angular momentum structure established in the present paper is immediately applied in QMS6,
which develops the quantum harmonic oscillator. QM6 deploys two interconnected algebraic struc-
tures, both of which are prototyped in the present paper.

The first is the ladder operator technique. The raising and lowering operators ﬁ+ and L_ of
the present paper raise and lower the ﬁg eigenvalue by ®¢ while preserving the iz eigenvalue. In
QMS6, the harmonic oscillator ladder operators a* and 4~ raise and lower the energy eigenvalue by
®ow while acting in the energy eigenspace. The algebraic structure is the same: termination at a
ground state (the vacuum of QMS6, the lowest m state of QM5), and matrix elements determined by
a normalization computation using the relevant product identity (the number operator in QM6, the
ladder product identity Lemma 4.8 in QM5). The QM5 ladder analysis is the structural template
for the QM6 energy ladder.

The second is the angular momentum structure of the three-dimensional harmonic oscillator.
The 3D harmonic oscillator in spherical coordinates has eigenstates of the form wu,.(r)Y;" (6, ¢),
where the radial factor u,, satisfies a radial equation analogous to Eq. (58) with the harmonic
potential replacing the Coulomb potential, and the angular factor is exactly the spherical harmonic
derived in the present paper. The energy levels of the 3D harmonic oscillator are Exy = (N +
%)@gw for N =0,1,2,..., where N = 2n, 4+ £ and n, is the radial quantum number. For each
N, the allowed values of ¢ are 0,2,4,..., N (even ¢ for even N) or 1,3,5,..., N (odd ¢ for odd
N), giving a degeneracy structure that differs from the hydrogenic case and is analyzed in QM6
using the spherical harmonics of the present paper. The coherent states of QM6, identified in
QM3 as the minimum-uncertainty Gaussian states, are also constructed in QM6 as eigenstates of
the lowering operator a; their three-dimensional generalization involves the spherical coordinate
structure established here. The angular momentum results of QM5 are therefore not merely a
prerequisite for QM6 but an active structural component of the QM6 analysis.
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