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Abstract

We quantize the free Dirac field (iΦ0γ
µ∂µ −mec)Ψ = 0 inherited from QM11 Theorem 3.1,

promoting it to an operator-valued distribution on a two-species fermionic Fock space. No
quantization postulates are introduced. The fermionic canonical anticommutation relations
(CAR) {

b̂k,s, b̂
†
k′,s′

}
= (2π)3δ(3)(k− k′)δss′ ,

{
d̂k,s, d̂

†
k′,s′

}
= (2π)3δ(3)(k− k′)δss′

are derived as the unique algebra consistent with three requirements: (i) the quantum Hamil-
tonian ĤD is bounded below, (ii) the mode algebra transforms covariantly under the SL(2,C)
representation established in QM11, and (iii) the field satisfies the Dirac equation as an oper-
ator identity in the Heisenberg picture. The key structural distinction from the bosonic case
(RQM1) is a minus sign in the d-sector of the naive Hamiltonian, arising from the negative-
frequency spinor mode functions v(s)(k); this sign forces the CAR and renders the alternative
bosonic CCR inconsistent by making the Hamiltonian unbounded below. The Dirac sea is su-
perseded: negative-energy first-quantized solutions are reinterpreted as positive-energy positron
excitations d̂†k,s|0⟩ with charge +e, energy +Φ0ωk > 0, derived from the U(1) Noether charge op-
erator. Charge conjugation symmetry is derived from the CPT analysis of QM11 Theorem 7.1,
with the charge conjugation matrix C interchanging the electron and positron species. The Pauli
exclusion principle—at most one electron (or positron) per mode (k, s)—follows as a corollary of

(b̂k,s)
2 = 0. The Dirac propagator SF (x− y)αβ = ⟨0|T{Ψα(x)Ψ̄β(y)}|0⟩ is derived as a Lorentz-

covariant contour integral
∫
d4k iΦ0(/k + mec/Φ0)/(k

2 − (mec/Φ0)
2 + iε) e−ik·(x−y), with the

spinor numerator arising from the completeness relations of the u(s) and v(s) spinors. Fermionic
microcausality {Ψα(x), Ψ̄β(y)} = 0 for spacelike (x− y)2 < 0 is derived from the CAR, confirm-
ing π = (−1)2·1/2 = −1 (QM11 Theorem 7.1) at the field-theoretic level. The paper supplies the
fermionic infrastructure—CAR, fermionic Fock space, Dirac propagator, and fermionic Wick’s
theorem—required by RQM4 for the computation of QED scattering amplitudes, the Schwinger
anomalous magnetic moment, and the Lamb shift.

1 Introduction

1.1 Position within the NUVO program

The NUVO scalar-conformal physics program derives every result as a theorem from its geometric
foundation: the scalar-conformal metric gµν = Λ2ηµν of the M-series. Each series tier inherits the
outputs of all prior tiers and introduces no additional postulates.

∗Bibliography is provisional. Cross-references to companion NUVO-series papers (M-, SR-, Q-, QB-, QM-series)
will be updated with Zenodo DOIs in subsequent versions.
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The M-series established the scalar-conformal geometry and its variational structure. The SR-
series derived special-relativistic kinematics as the inertial limit∇µΛ = 0. The Q-series established
five holonomy quantizations from closure conditions on transport loops; the fifth, arising from the
SL(2,C) double cover of SO(3, 1), gave the intrinsic parity π = (−1)2j and is the direct precursor
of the present paper. The QB-series derived the Born rule from coherence-gated interaction fre-
quencies. The QM-series (QM1–QM11) developed non-relativistic and semi-relativistic quantum
mechanics. In QM11, the Dirac equation (iΦ0γ

µ∂µ − mec)Ψ = 0 was derived from the SL(2,C)
holonomy and the Artin-Wedderburn theorem (which forced the minimum representation dimen-
sion to four), and its physical consequences were worked out: the g-factor g = 2 at tree level (QM11
Theorem 4.1, to be completed at one loop in RQM4), the exact Dirac-Coulomb fine-structure spec-
trum ED

nj (QM11 Section 6, with the 2s1/2–2p1/2 degeneracy noted as broken by the Lamb shift),

and the spin-statistics theorem π = (−1)2j from CPT invariance (QM11 Theorem 7.1).
The RQM-series now quantizes the relativistic fields and combines them into quantum electro-

dynamics. RQM1 quantized the free Klein-Gordon field (j = 0): bosonic CCR were derived from
Hamiltonian positivity, and the Feynman propagator ∆F (x− y) was obtained as a causal contour
integral. The present paper, RQM2, applies the same logical structure to the Dirac field (j = 1

2):
the same three requirements—bounded Hamiltonian, Lorentz covariance, and Heisenberg equations
of motion—now force fermionic CAR instead of bosonic CCR, because a minus sign in the d-sector
of the Dirac Hamiltonian reverses the positivity argument. The two remaining papers complete the
RQM-series:

RQM3. The free Maxwell field (j = 1, massless): photon creation operators â†k,λ with bosonic
CCR (consistent with π = +1); Gupta-Bleuler formalism for gauge degrees of freedom; photon
propagator Dµν

F (x− y).

RQM4. Quantum electrodynamics: minimal coupling ∂µ → Dµ (QM11 Definition 4.1) combines
the Dirac field (RQM2) and Maxwell field (RQM3); Feynman rules; one-loop vertex correction
yielding the Schwinger anomalous magnetic moment g − 2 = α/π (completing QM11 The-
orem 4.1); vacuum polarization; mass renormalization; Lamb shift 2s1/2–2p1/2 ≈ 1057MHz
(completing QM11 Remark 6.1).

1.2 Scope and boundary conditions

The following boundary conditions define the scope of this paper precisely.

1. Free Dirac field only. The electron-positron system is treated without coupling to the electro-
magnetic field. The interaction vertex −ieγµ/(Φ0c) (QM11 Definition 4.1) and all radiative
corrections are deferred to RQM4. The tree-level g-factor g = 2 (QM11 Theorem 4.1) is inher-
ited without re-derivation; the one-loop correction g−2 = α/π requires the Dirac propagator
derived here and is computed in RQM4.

2. Flat Minkowski background. As in RQM1, all results are derived on the inertial-limit back-
ground ηµν (SR1 Proposition 2.1). The Dirac equation in a curved scalar-conformal back-
ground (which requires a conformal spin connection Ωµ and a vierbein eaµ = Λδaµ) is noted
where relevant but is outside the scope of this series.

3. Spin-12 sector. The Dirac field carries j = 1
2 , hence intrinsic parity π = (−1)2·1/2 = −1 (QM11

Theorem 7.1). The spin-0 sector is treated in RQM1; spin-1 in RQM3.
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4. Replacement of the Dirac sea. The first-quantized Dirac theory (QM11 Section 3) had
negative-energy plane-wave solutions e+ik·xv(s)(k) with no satisfactory single-particle inter-
pretation. Second quantization replaces the Dirac-sea picture entirely: these solutions are
associated with positron creation operators d̂†k,s acting on the Fock vacuum, and carry posi-
tive energy +Φ0ωk > 0. No infinite sea of filled negative-energy states appears anywhere in
this paper.

5. Fermionic Fock-space formulation. The Hilbert space is the fermionic Fock space built on
the vacuum |0⟩ annihilated by all b̂k,s and d̂k,s. The occupation number for each mode is
restricted to nk,s ∈ {0, 1} (Pauli exclusion), a corollary of the CAR, not an independent
assumption.

6. Gamma-matrix conventions. The Clifford algebra {γγµ
, γγ

ν} = 2gµν (QM11 Definition 2.3) is
adopted in the (+,−,−,−) signature of Remark ?? (RQM1 Section 2.1, carried forward here
without restatement). Explicit matrix representations are given in Appendix A; all structural
results are stated in a representation-independent form.

7. No ultraviolet divergences in this paper. The free Dirac theory contains no loop integrals;
divergences and renormalization first appear in RQM4.

1.3 Logical dependencies and notation

Table 1 records the results from earlier series and from RQM1 used as inputs in this paper.

Table 1: Prior-series and RQM1 results used as inputs in RQM2. Each entry is referenced in the
body at the point of first use.

Label Content Used in

QM11 Def. 2.3 Clifford algebra {γγµ
, γγ

ν} = 2gµν ; γ0, γ⃗ in Dirac representation Secs. 2, 3

QM11 Thm. 3.1 Dirac equation (iΦ0γ
µ∂µ −mec)Ψ = 0 from SL(2,C) holonomy Sec. 2

QM11 Def. 4.1 Minimal coupling ∂µ → Dµ (used in forward reference only; active in RQM4) Sec. 9

QM11 Thm. 4.1 Tree-level g-factor g = 2 from Pauli identity Remark 5.10

QM11 Thm. 7.1 Spin-statistics π = (−1)2j ; CPT derivation (Jost relation cited from [?]) Secs. 3, 6, 8

QM11 Sec. 2 Φ0 as NUVO phase constant (Φ0 ↔ ℏ in SI) Throughout

SR1 Thm. 4.1 Lorentz-invariant interval and on-shell measure Secs. 3, 7

RQM1 Thm. 3.4 CCR from positivity (template for Thm. 3.10) Sec. 3

RQM1 Thm. 6.4 Feynman propagator as contour integral (template for Thm. 7.9) Sec. 7

RQM1 App. C Bosonic Wick’s theorem (extended to fermions in App. C) App. C

The following notational conventions are in force throughout this paper, supplementing those es-
tablished in RQM1 Section 1.3.

• The spacetime metric signature is (+,−,−,−), identical to RQM1 (Remark 2.1 of that paper).
The d’Alembertian is □ = c−2∂2t −∇2.

• Ψ(x) = Ψα(x) is a four-component Dirac spinor field; α, β, . . . ∈ {1, 2, 3, 4} are spinor indices.
The Dirac adjoint is Ψ̄(x) = Ψ†(x)γ0.

• /k := γµkµ = γ0k0 − γ · k is the Feynman slash notation.
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• u(s)(k) and v(s)(k) (s = 1, 2) denote the positive- and negative-frequency Dirac spinors at
on-shell four-momentum kµ = (ωk/c,k), defined precisely in Definition 3.2.

• Electron mode operators: b̂k,s (annihilates an electron of momentum Φ0k, spin s, charge −e)
and b̂†k,s (creates). Positron mode operators: d̂k,s and d̂†k,s (charge +e).

• ĤD denotes the normal-ordered Dirac Hamiltonian (Theorem 4.6); SF (x − y) denotes the
Dirac Feynman propagator (Theorem 7.9).

• The charge conjugation matrix C satisfies CγµC−1 = −(γµ)T (Definition 6.1). In the Dirac
representation, C = iγ2γ0.

• Φ0 > 0 is the NUVO phase constant with Φ0 ↔ ℏ in SI, retained explicitly throughout for
dimensional transparency.

• All results are stated as Definitions, Theorems, Propositions, Remarks, or Corollaries. Full
proofs are given for the three principal derivations (CAR from positivity, charge operator,
Dirac propagator); proof stubs with citations are used for standard supporting results.

1.4 The central structural difference from RQM1

It is worth isolating, before the technical development begins, the single structural feature that
distinguishes the fermionic from the bosonic quantization.

In RQM1, the Klein-Gordon Hamiltonian before imposing any commutation relations took the
form

HKG =

∫
d3k

(2π)3
Φ0ωk

2

(
âkâ

†
k + â†kâk

)
, (1)

where both terms carry a positive coefficient +Φ0ωk/2. The sign of c0 in [â, â†] = c0 was then
forced positive by ĤKG ≥ 0.

For the Dirac field (Section 3), the analogous expression after mode substitution and spatial
integration will take the form

Hnaive
D ∼

∫
d3k

(2π)3

∑
s

Φ0ωk

2

[
b̂k,sb̂

†
k,s + b̂†k,sb̂k,s −d̂k,sd̂

†
k,s − d̂

†
k,sd̂k,s︸ ︷︷ ︸

minus sign from v(s) modes

]
. (2)

The minus sign on the d-sector (positron operators) is the key structural difference. It arises

because the negative-frequency spinors v(s)(k) enter the mode expansion as d̂†k,s (not as d̂k,s), and

the Dirac Hamiltonian density HD = Ψ†(−iΦ0cα · ∇ + βmec
2)Ψ picks up a sign from the energy

eigenvalue of v(s)(k). For the b-sector alone, the same positivity argument as RQM1 forces c0 > 0
and hence bosonic CCR. But for the d-sector, the sign is reversed: imposing [d̂, d̂†] = c0 > 0 (CCR)

gives −Φ0ωkN̂
(p)
k,s , which is unbounded below as N̂ (p) →∞. The only algebra that bounds HD from

below is {d̂, d̂†} = c0 > 0 (CAR), because then N̂
(p)
k,s = d̂†d̂ is bounded above by 1 (Pauli exclusion),

and the d-sector contributes at most +Φ0ωk > 0 per mode. This argument is made precise in
Theorem 3.10.
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1.5 Outline of the paper

Section 2 recalls the Dirac equation and Lagrangian from QM11, derives the energy-momentum
tensor and Hamiltonian density, and records the vector Noether current. Section 3 performs the
central derivation: the mode expansion in terms of u(s)(k) and v(s)(k) spinors is introduced; the
naive Hamiltonian is computed (revealing the minus sign on the d-sector); and the fermionic CAR
are derived as a theorem from Hamiltonian positivity, Lorentz covariance, and the Heisenberg
equations of motion. The Dirac Fock space is then constructed, and Pauli exclusion emerges as a
corollary. Section 4 establishes the normal-ordered Dirac Hamiltonian, the momentum and number
operators, and the Heisenberg equation of motion as an operator identity. Section 5 reinterprets the
negative-frequency solutions as positive-energy positrons, derives the U(1) Noether charge operator,
and records the particle-antiparticle assignment. Section 6 derives charge conjugation symmetry,
the parity and time-reversal operators, and the PCT theorem. Section 7 derives the Dirac propaga-
tor SF (x−y) as a spinor-valued Lorentz-covariant contour integral, establishes its Green’s function
property, and proves fermionic microcausality for spacelike separations. Section 8 closes the logical
arc: bosonic CCR is shown to fail for j = 1

2 , and the equivalence of positivity, CAR, and micro-
causality is established as the j = 1

2 analogue of RQM1 Corollary 7.5. Section 9 collects the theorem
ledger and previews RQM3–RQM4. Appendix A gives explicit spinor conventions, normalization,
completeness, and charge-conjugate relations. Appendix B supplies the contour integration details
for the Dirac propagator and the spinor trace identities needed in RQM4. Appendix C states and
proves the fermionic Wick’s theorem, extending RQM1 Appendix C with the sign rule for fermion
lines and the determinant structure of fermionic vacuum expectation values.

2 The Dirac Field in the NUVO Framework

This section recalls the Dirac equation from QM11, casts it in Lagrangian form, derives the canonical
energy-momentum tensor and Hamiltonian density, and records the conserved currents. No new
dynamical content is introduced here: every result follows from QM11 and the standard variational
machinery. The section’s purpose is to fix notation, establish the canonical momentum conjugate
to Ψ (required for the mode expansion of Section 3), and display the Hamiltonian density in a form
that makes the sign structure of Section 1.4 manifest.

2.1 Inherited equation of motion and its Lagrangian

Remark 2.1 (The Dirac equation as a QM11 theorem). The Dirac equation was derived in QM11
Theorem 3.1 as the unique Lorentz-covariant first-order wave equation for a field transforming
under the

(
1
2 , 0

)
⊕

(
0, 12

)
representation of SL(2,C) (the fifth holonomy quantization), with the

Clifford algebra {γγµ
, γγ

ν} = 2gµν (QM11 Definition 2.3) and the minimum spinor dimension four
(QM11 Proposition 2.5, from the Artin-Wedderburn theorem). The equation reads(

iΦ0γ
µ∂µ −mec

)
Ψ(x) = 0. (3)

In the present paper (3) is not re-derived; it is promoted from a first-quantized wave equation to
an operator identity on Fock space in Theorem 4.11.

Definition 2.2 (Dirac Lagrangian density). The Dirac Lagrangian density in the NUVO framework
is

LD := Ψ̄
(
iΦ0γ

µ∂µ −mec
)
Ψ, (4)
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where Ψ̄ := Ψ†γ0 is the Dirac adjoint, and the fields Ψ and Ψ̄ are treated as independent (equiva-
lently, the real and imaginary parts of each spinor component are independent). The corresponding
action is SD[Ψ, Ψ̄] =

∫
d4xLD.

Remark 2.3 (First-order structure and comparison with LKG). Unlike the Klein-Gordon Lagrangian (RQM1
Definition 2.2), which is second-order in ∂µ, LD is first-order. This has two structural consequences.
First, the canonical momentum conjugate to Ψ will be algebraic (not involving ∂tΨ), giving a sim-
pler Legendre structure than the scalar case. Second, the Clifford algebra allows the Hamiltonian
to be written directly in terms of the Dirac alpha and beta matrices (see Theorem 2.6 below),
making the sign structure of the d-sector explicit without any mode expansion.

Proposition 2.4 (Euler-Lagrange equations). Independent variation of SD with respect to Ψ̄α and
Ψα gives, respectively, (

iΦ0γ
µ∂µ −mec

)
Ψ = 0, (5)

Ψ̄
(
−iΦ0

←−
∂ µγ

µ −mec
)

= 0, (6)

where
←−
∂ µ acts to the left on Ψ̄.

Proof. Variation with respect to Ψ̄α. Since LD is linear in Ψ̄ and contains no ∂µΨ̄, the Euler-
Lagrange equation reduces to ∂LD/∂Ψ̄α = 0, giving directly (5) as a spinor equation (summed over
the spinor index).

Variation with respect to Ψα. Integrating by parts (boundary terms vanish for compactly
supported variations), ∂LD/∂Ψα − ∂µ(∂LD/∂(∂µΨα)) = 0. The second term gives −∂µ(iΦ0Ψ̄γ

µ)α,
yielding (6).

Remark 2.5 (LD on shell). On solutions of (5), (iΦ0γ
µ∂µ − mec)Ψ = 0, the Lagrangian density

vanishes: LD
∣∣
on−shell

= 0. This will simplify the energy-momentum tensor below.

2.2 Energy-momentum tensor and Hamiltonian density

Theorem 2.6 (Dirac energy-momentum tensor and Hamiltonian density). The canonical energy-
momentum tensor obtained from Noether’s theorem for spacetime translations applied to LD is

Tµν
D = iΦ0Ψ̄γ

µ∂νΨ − ηµνLD. (7)

On shell (LD = 0, Remark 2.5), this simplifies to Tµν
D

∣∣
on−shell

= iΦ0Ψ̄γ
µ∂νΨ. The Hamiltonian

density HD := T 00
D is

HD = Ψ†(−iΦ0cα · ∇+ βmec
2
)
Ψ, (8)

where α := γ0γ and β := γ0 are the standard Dirac matrices satisfying

{γαi
, γα

j} = 2δij , {γαi
, γβ} = 0, β2 = 1. (9)

The Hamiltonian H
(1)
D =

∫
d3xHD is the first-quantized Dirac Hamiltonian Ĥ

(1)
Dirac = cα ·p̂+βmec

2

sandwiched between Ψ† and Ψ.

Proof. Step 1: Noether current. Under the infinitesimal translation xµ → xµ + εµ, the Dirac field
transforms as Ψ→ Ψ− εν∂νΨ. The Noether current (energy-momentum tensor) is

Tµ
ν =

∂LD
∂(∂µΨα)

∂νΨα − δµνLD. (10)
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From Definition 2.2, ∂LD/∂(∂µΨα) = (iΦ0Ψ̄γ
µ)α, so (10) gives, upon raising the second index,

Tµν
D = iΦ0(Ψ̄γ

µ)α(∂
νΨ)α − ηµνLD = iΦ0Ψ̄γ

µ∂νΨ− ηµνLD, (11)

which is (7).
Step 2: Hamiltonian density. Set µ = ν = 0. In the (+,−,−,−) convention, ∂0 = (1/c)∂t and

γ0 = β. On shell LD = 0, so

HD = T 00
D = iΦ0Ψ̄γ

0∂0Ψ =
iΦ0

c
Ψ†γ0γ0∂tΨ =

iΦ0

c
Ψ†∂tΨ, (12)

using (γ0)2 = 1 (from the Clifford algebra with g00 = +1) and Ψ̄ = Ψ†γ0.
To obtain the form (8), use the Dirac equation (5) to substitute ∂t:

iΦ0∂tΨ = c
(
−iΦ0γ · ∇+mecγ

0
)
Ψ = cγ0

(
−iΦ0α · ∇+mec

)
Ψ, (13)

where α = γ0γ was used. Substituting (13) into (12) and using (γ0)2 = 1:

HD = Ψ†(−iΦ0cα · ∇+ βmec
2
)
Ψ, (14)

which is (8). The algebra (9) follows from the Clifford algebra {γγµ
, γγ

ν} = 2gµν with the identifi-
cation β = γ0 and αi = γ0γi.

Corollary 2.7 (Canonical momentum conjugate to Ψ). The canonical momentum density conju-
gate to Ψα is

πα(x) :=
∂LD

∂(∂tΨα)
=

iΦ0

c
(Ψ†)α =

iΦ0

c
Ψ†α. (15)

The Hamiltonian density is recovered as the Legendre transform:

HD = πα∂tΨα − LD = Ψ†(−iΦ0cα · ∇+ βmec
2
)
Ψ. (16)

Proof. From LD = Ψ̄(iΦ0γ
0(1/c)∂t + iΦ0γ · ∇ −mec)Ψ, differentiating with respect to ∂tΨα gives

∂LD/∂(∂tΨα) = (iΦ0/c)(Ψ̄γ
0)α = (iΦ0/c)Ψ

†α, yielding (15). The Legendre transform identity
follows by direct substitution, using ∂tΨ = (c/iΦ0)γ

0(−iΦ0α · ∇+ βmec)Ψ (from the EOM).

Remark 2.8 (Algebraic canonical momentum: no ∂t in πα). Equation (15) shows that πα =
(iΦ0/c)Ψ

†α is algebraic in the fields: it contains no time derivative of Ψ. This is a direct conse-
quence of LD being first-order in spacetime derivatives. In the second-quantized theory (Section 3),
this means the equal-time anticommutation relations (the Cauchy data for the Dirac equation) will

take the form {Ψα(x, t),Ψ
†
β(y, t)} = (c/Φ0)δαβδ

(3)(x − y), rather than involving ∂tΨ as in the
Klein-Gordon case (RQM1 Remark 3.3).

Remark 2.9 (First-quantized Hamiltonian and the sign problem). The Hamiltonian density (8) is

the expectation value of the first-quantized Dirac Hamiltonian Ĥ
(1)
Dirac = cα · p̂+ βmec

2 in the field

Ψ. The spectrum of Ĥ
(1)
Dirac is ±Φ0ωk, i.e. it is not bounded below as a first-quantized operator. The

first-quantized energy density HD is therefore not positive-definite: for a field Ψ concentrated on
negative-energy modes, HD < 0. This sign problem is resolved by second quantization in Section 3:
after imposing the CAR, the negatively-contributing modes are reinterpreted as positron creation
operators d̂†k,s, and the normal-ordered Hamiltonian ĤD is positive-definite (Theorem 4.6).
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2.3 Conservation laws and Noether currents

Proposition 2.10 (Energy-momentum conservation). On solutions of (5)–(6), the energy-momentum
tensor (7) is conserved:

∂µT
µν
D = 0. (17)

Proof. Standard Noether argument: compute ∂µT
µν
D = iΦ0(∂µΨ̄)γµ∂νΨ+ iΦ0Ψ̄γ

µ∂µ∂
νΨ− ∂νLD,

then use both equations of motion (5)–(6) to show all terms cancel. The calculation is standard
(proof stub; see [?, Sec. 3.2]).

Theorem 2.11 (U(1) vector current and conservation). The Dirac Lagrangian LD is invariant
under the global U(1) phase rotation

Ψ 7−→ eiαΨ, Ψ̄ 7−→ e−iαΨ̄, α ∈ R. (18)

The associated Noether current is the vector current

jµV := −e Ψ̄γµΨ, (19)

satisfying ∂µj
µ
V = 0 on shell. The conserved charge

Q(1) :=

∫
d3x

j0V
c

= −e
∫
d3xΨ†Ψ (20)

counts charge density in the first-quantized theory. After second quantization (Section 5), Q(1)

becomes the charge operator Q̂ with integer eigenvalues.

Proof. Symmetry. Under (18), Ψ̄(iΦ0γ
µ∂µ −mec)Ψ→ e−iαe+iαΨ̄(iΦ0γ

µ∂µ −mec)Ψ = LD. Hence
LD is invariant and the symmetry is exact.

Noether current. For the infinitesimal variation δΨ = iαΨ, δΨ̄ = −iαΨ̄:

jµV /(−e) =
1

α

[ ∂LD
∂(∂µΨβ)

δΨβ

α
+

∂LD
∂(∂µΨ̄β)

δΨ̄β

α

]
= (iΦ0Ψ̄γ

µ)β(iΨ)β/1 + 0 = −Φ0Ψ̄γ
µΨ. (21)

Incorporating the electric charge factor −e gives (19) (the sign convention is that an electron carries
charge −e < 0).

Conservation. ∂µj
µ
V = −e[(∂µΨ̄)γµΨ + Ψ̄γµ∂µΨ]. From (6), Ψ̄(−iΦ0

←−
/∂ − mec) = 0, giving

(∂µΨ̄)γµ = (imec/Φ0)Ψ̄. From (5), γµ∂µΨ = (−imec/Φ0)Ψ. Adding: ∂µj
µ
V = −e[(imec/Φ0)Ψ̄Ψ +

(−imec/Φ0)Ψ̄Ψ] = 0.

Proposition 2.12 (Axial current). The axial current

jµA := Ψ̄γµγ5Ψ, γ5 := iγ0γ1γ2γ3, (22)

satisfies

∂µj
µ
A =

2imec

Φ0
Ψ̄γ5Ψ ̸= 0 for me ̸= 0. (23)

The axial current is conserved only in the massless limit me = 0.
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Proof. ∂µj
µ
A = (∂µΨ̄)γµγ5Ψ + Ψ̄γµγ5∂µΨ. Using the equations of motion as in Theorem 2.11

and the anticommutation relation {γγµ
, γγ

5} = 0 (which follows from the definition of γ5 and the
Clifford algebra): (∂µΨ̄)γµγ5Ψ = (imec/Φ0)Ψ̄γ

5Ψ and Ψ̄γµγ5∂µΨ = (imec/Φ0)Ψ̄γ
5Ψ. Adding

gives (23).

Remark 2.13 (Role of the currents in RQM4). The vector current jµV (19) will couple to the photon
field in RQM4 via the interaction term −ejµVAµ/c = (e2/c)Ψ̄γµΨAµ, generating the QED vertex
−ieγµ/(Φ0c) (QM11 Definition 4.1). The axial current jµA does not appear in the free theory or
in QED at one loop; it becomes relevant for electroweak physics, outside the scope of the present
series. The non-conservation (23) is noted here because it will reappear (with a quantum correction
from the axial anomaly) when renormalization is discussed in RQM4.

Remark 2.14 (Comparison with the complex scalar Noether current). The Dirac vector current (19)
and the complex scalar Noether current (RQM1 Theorem 5.5) jµϕ = −iΦ2

0[ϕ
†∂µϕ− (∂µϕ†)ϕ] share

the same U(1) origin and the same conservation law, but differ in form. The scalar current is
bilinear in ϕ and ∂µϕ; the Dirac current is bilinear in Ψ and Ψ itself (with no derivative), because
LD is first-order. In both cases the second-quantized charge operator will have integer eigenvalues
(scalar: RQM1 Theorem 5.6; Dirac: Theorem 5.3).

3 Mode Expansion and Fermionic Quantization

This section contains the central derivation of the paper. We expand the Dirac field in plane-wave
spinor solutions, compute the resulting Hamiltonian, identify the critical minus sign in the positron
sector, and derive the fermionic CAR as the unique algebra consistent with a bounded-below
Hamiltonian, Lorentz covariance, and the Heisenberg equation of motion. The logical structure
mirrors RQM1 Section 3 exactly, with one change: the minus sign on the d-sector reverses the
positivity argument and forces CAR in place of CCR.

3.1 Plane-wave spinor solutions and their algebra

Definition 3.1 (On-shell four-momentum and frequency). For each k ∈ R3, the on-shell four-
momentum is kµ = (ωk/c,k), where

ωk = c

√
|k|2 +

(mec

Φ0

)2
, ωk > 0. (24)

This is the on-shell dispersion relation for the electron of mass me, identical in form to the Klein-
Gordon dispersion (RQM1 Proposition 2.3) with m→ me.

Definition 3.2 (Positive- and negative-frequency spinors). The positive-frequency spinors u(s)(k)
(s = 1, 2) are the four-component solutions of(

/k −mec/Φ0

)
u(s)(k) = 0, kµ = (ωk/c,k), (25)

normalized by ū(r)(k)u(s)(k) = 2(mec/Φ0)δ
rs. The negative-frequency spinors v(s)(k) are the four-

component solutions of (
/k +mec/Φ0

)
v(s)(k) = 0, kµ = (ωk/c,k), (26)

normalized by v̄(r)(k)v(s)(k) = −2(mec/Φ0)δ
rs. Explicit constructions in the Dirac representation

are given in Appendix A.
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Remark 3.3 (Sign of the v-spinor normalization). The minus sign in v̄(r)(k)v(s)(k) = −2(mec/Φ0)δ
rs

is not a convention but a consequence of the Clifford algebra and the equation (/k+mec/Φ0)v
(s)(k) =

0: contracting with v̄(s)(k) and using v̄(/k+m)v = 2k0v̄γ0v− 2mvv̄v = 0 forces v̄v < 0 for timelike
kµ. This sign will propagate directly into the minus sign on the d-sector of the Hamiltonian
(Lemma 3.8).

Proposition 3.4 (Spinor completeness relations). The positive- and negative-frequency spinors
satisfy the spin sums

2∑
s=1

u(s)(k)ū(s)(k) = /k +
mec

Φ0
, (27)

2∑
s=1

v(s)(k)v̄(s)(k) = /k − mec

Φ0
. (28)

These identities hold as 4 × 4 matrix equations and will appear in the numerator of the Dirac
propagator (Theorem 7.9).

Proof. Both sides of each identity are 4×4 matrices. For (27): from the equation (25), each u(s)(k)
is in the kernel of (/k −mec/Φ0); the two independent solutions (s = 1, 2) span a two-dimensional
subspace. The projection onto that subspace, expressed as a matrix acting on an arbitrary spinor
ξ, must equal (/k +mec/Φ0)/(2mec/Φ0) times the normalization, which after accounting for the
normalization ū(r)u(s) = 2(mec/Φ0)δ

rs gives (27). The identity (28) follows by the same argument
applied to the kernel of (/k +mec/Φ0), with the sign in the normalization of v-spinors responsible
for the sign change in the right-hand side. Full derivation in Appendix A.

Proposition 3.5 (Orthogonality of u and v spinors). At the same on-shell momentum kµ,

ū(r)(k)v(s)(k) = 0, v̄(r)(k)u(s)(k) = 0 (29)

for all r, s ∈ {1, 2}.

Proof. From (25), ū(r)(/k − mec/Φ0) = 0; from (26), (/k + mec/Φ0)v
(s) = 0. Therefore ū(r)v(s) =

ū(r)
[
(/k − mec/Φ0)/(2mec/Φ0) + 1/2

]
v(s) = 0 + ū(r)v(s)/2, so ū(r)v(s) = 0. The second identity

follows by Hermitian conjugation.

3.2 Operator-valued mode expansion

Definition 3.6 (Quantum Dirac field mode expansion). The quantum Dirac field is the operator-
valued distribution

Ψ(x) =

∫
d3k

(2π)3

2∑
s=1

c√
2Φ0ωk

[
b̂k,s u

(s)(k) e−ik·x + d̂†k,s v
(s)(k) e+ik·x

]
, (30)

and its Dirac adjoint is

Ψ̄(x) =

∫
d3k

(2π)3

2∑
s=1

c√
2Φ0ωk

[
b̂†k,s ū

(s)(k) e+ik·x + d̂k,s v̄
(s)(k) e−ik·x

]
. (31)

Here b̂k,s and b̂†k,s are the electron annihilation and creation operators, and d̂k,s and d̂†k,s are the
positron annihilation and creation operators. The operators act on a Hilbert space to be determined.
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Remark 3.7 (Why d̂†, appears with v
()()). The assignment of d̂†k,s (a creation operator) to the e+ik·x

mode (the negative-frequency exponential) rather than d̂k,s is not a convention but a necessity. If

one instead wrote d̂k,s with e+ik·x, the charge operator (Section 5) would assign the same charge
to both species, contradicting the requirement that positrons carry charge +e opposite to the
electron’s −e. Equivalently, the field Ψ must transform as Ψ → eiαΨ under U(1), which requires:
modes multiplying e−ik·x carry charge −e (electron annihilators), and modes multiplying e+ik·x

carry charge +e (positron creators). This is derived in Theorem 5.3.

3.3 The naive Dirac Hamiltonian and the critical minus sign

Lemma 3.8 (Naive Dirac Hamiltonian in terms of mode operators). Let b̂k,s, b̂
†
k,s, d̂k,s, d̂

†
k,s be

arbitrary operators satisfying (b̂k,s)
† = b̂†k,s and (d̂k,s)

† = d̂†k,s. The Hamiltonian HD =
∫
d3xHD

with HD from (8) and Ψ(x) from (30) is

HD =

∫
d3k

(2π)3

∑
s

Φ0ωk

2

[
b̂k,sb̂

†
k,s + b̂†k,sb̂k,s −d̂†k,sd̂k,s − d̂k,sd̂

†
k,s︸ ︷︷ ︸

minus sign from v(s)(k) normalization

]
. (32)

Proof. Substitute (30) into HD =
∫
d3xΨ†(−iΦ0cα · ∇+ βmec

2)Ψ and integrate over d3x.
Step 1: Spatial integration. Using

∫
d3x ei(k±k′)·x = (2π)3δ(3)(k ± k′) to collapse the double

momentum integral.
Step 2: Diagonal terms. Terms with δ(3)(k − k′) and the same frequency e∓iωkt paired with

e±iωkt:

• The b̂b̂† term picks up the spinor contraction ū(r)(k)(−iΦ0cα · k/c+ βmec
2/Φ0 · Φ0)u

(s)(k).
Using ū(r)(α · k+ βmec/Φ0)u

(s) = ū(r)(ωk/c)γ
0u(s) = (ωk/c) · 2(mec/Φ0)δ

rs (from the Dirac
equation and ūγ0u = 2k0/c = 2ωk/(c

2)... computing directly): the b-sector contributes
+Φ0ωk

2 (b̂b̂† + b̂†b̂) per mode.

• The d̂†d̂ term picks up the spinor contraction v̄(r)(k)(· · · )v(s)(k). From (26), the v-spinors
satisfy (/k + mec/Φ0)v = 0, so α · kv = (ωk/c − βmec/Φ0)v with a sign from the negative
eigenvalue. The key: v̄(r)γ0v(s) = 2ωk/(c

2)δrs but v̄(r)v(s) = −2mec/Φ0δ
rs (Remark 3.3).

Collecting the full spinor coefficient for the d-sector: v̄(−iΦ0cα · ik/c + βmec
2/Φ0 · Φ0)v =

v̄(cα · k + βmec
2)v/Φ0. Using the Dirac equation for v: cα · kv = (ωkβ −mec

2/Φ0)v gives
the d-sector a net energy −Φ0ωk per v̄v-bilinear, and since v̄(r)γ0v(s) = 2(ωk/c

2)δrs > 0, the
d-sector coefficient is −Φ0ωk/2 times (d̂†d̂+ d̂d̂†).

Step 3: Off-diagonal terms. Terms with δ(3)(k+ k′) carry oscillating factors e±2iωkt and spinor
contractions ū(r)(k)(· · · )v(s)(−k) or v̄(r)(k)(· · · )u(s)(−k). From Proposition 3.5 and the behavior
of u(−k) and v(−k) under k→ −k, these contractions vanish identically, by the same dispersion-
relation cancellation mechanism as RQM1 Lemma 3.1 (the on-shell relation |k|2 + (mec/Φ0)

2 =
(ωk/c)

2 makes the off-diagonal coefficient zero).
Step 4: Result. Combining steps 2 and 3 and absorbing the normalization factors c2/(2Φ0ωk)

gives (32).

Remark 3.9 (The sign structure of (32)). Writing (32) schematically for a single discretized mode
(finite volume V , one spin), denoting b̂ ≡ b̂k,s and d̂ ≡ d̂k,s:

Hnaive
D ∼ Φ0ωk

2

(
b̂b̂† + b̂†b̂− d̂†d̂− d̂d̂†

)
. (33)
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The b-sector is identical to the Klein-Gordon Hamiltonian of RQM1 (1). The d-sector carries a
global minus sign: the energy cost of creating a positron mode is −Φ0ωk, not +Φ0ωk. This is
the precise content of the sign problem identified in Remark 2.9: the first-quantized Hamiltonian
has negative-energy eigenvalues, and they appear explicitly in the mode expansion as a negative
coefficient on the d-sector.

3.4 Derivation of the fermionic CAR from Hamiltonian positivity

Theorem 3.10 (Fermionic CAR from Hamiltonian positivity). Let b̂k,s, b̂
†
k,s, d̂k,s, d̂

†
k,s satisfy the

following three structural requirements.

(i) Lorentz covariance: The (anti)commutator of any two mode operators is a Lorentz-scalar mul-
tiple of (2π)3δ(3)(k−k′)δss′ (for same-species operators) or zero (for cross-species operators).

(ii) Positive-definite inner product: The Hamiltonian HD is bounded below: there exists Emin >
−∞ such that ⟨ψ|HD|ψ⟩ ≥ Emin for all states |ψ⟩.

(iii) Heisenberg equations of motion: Ψ(x) satisfies (iΦ0γ
µ∂µ−mec)Ψ = 0 as an operator identity.

Then the unique consistent algebra is the fermionic canonical anticommutation relations{
b̂k,s, b̂

†
k′,s′

}
= (2π)3δ(3)(k− k′)δss′ ,

{
d̂k,s, d̂

†
k′,s′

}
= (2π)3δ(3)(k− k′)δss′ , (34)

with all other anticommutators zero:{
b̂k,s, b̂k′,s′

}
=

{
d̂k,s, d̂k′,s′

}
=

{
b̂k,s, d̂

†
k′,s′

}
= 0, (35)

and their Hermitian conjugates.

Proof. We treat the b- and d-sectors separately, since by requirement (i) the cross-species (anti)commutators
vanish independently.

b-sector. The b-sector of (32) is H
(b)
D =

∫
d3k
(2π)3

∑
s(Φ0ωk/2)(b̂k,sb̂

†
k,s + b̂†k,sb̂k,s), which has the

same form as the Klein-Gordon Hamiltonian (RQM1 Lemma 3.2) with positive coefficient +Φ0ωk/2.

By the identical argument to RQM1 Theorem 3.4—writing {b̂k,s, b̂†k,s} = cb ≥ 0, requiring the b-
sector Hamiltonian to be non-negative, and concluding cb > 0—the b-sector satisfies bosonic CCR

or fermionic CAR with cb > 0. Either choice leaves H
(b)
D ≥ 0. The distinction between CCR and

CAR for the b-sector alone is not forced by positivity; it is forced by the d-sector argument below,
together with the requirement that the Dirac field have a well-defined U(1) charge. We set cb = 1
by normalization.

d-sector: the critical argument. The d-sector of (32) is

H
(d)
D = −

∫
d3k

(2π)3

∑
s

Φ0ωk

2

(
d̂†k,sd̂k,s + d̂k,sd̂

†
k,s

)
. (36)

Note the overall minus sign. Write [d̂k,s, d̂
†
k,s] = cd (commutator, bosonic CCR ansatz) or {d̂k,s, d̂†k,s} =

cd (anticommutator, fermionic CAR ansatz) for some real cd.

Case A: bosonic CCR for d. If [d̂k,s, d̂
†
k,s] = cd > 0 (CCR), then d̂†k,sd̂k,s = N̂

(p)
k,s with eigenvalues

n
(p)
k,s ∈ {0, 1, 2, . . .} (unbounded above). Then

H
(d)
D = −

∫
d3k

(2π)3

∑
s

Φ0ωk

(
N̂

(p)
k,s +

cd
2 (2π)

3δ(3)(0)
)
, (37)
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which is unbounded below since N̂
(p)
k,s can be made arbitrarily large. The requirement (ii) is violated.

Therefore CCR for the d-sector is inconsistent.
Case B: fermionic CAR for d. If {d̂k,s, d̂†k,s} = cd > 0 (CAR), then (d̂k,s)

2 = 0 (from {d̂,,d̂,} =

0), so the eigenvalues of N̂
(p)
k,s := d̂†k,sd̂k,s are restricted to n

(p)
k,s ∈ {0, 1}. Using the CAR to write

d̂k,sd̂
†
k,s = cd(2π)

3δ(3)(0)− d̂†k,sd̂k,s:

H
(d)
D = −

∫
d3k

(2π)3

∑
s

[
cd(2π)

3δ(3)(0) · Φ0ωk − Φ0ωk · N̂
(p)
k,s

]
. (38)

The operator content is +Φ0ωk N̂
(p)
k,s , which is non-negative since n(p) ∈ {0, 1}. The constant

−cd(2π)3δ(3)(0) ·Φ0ωk is a (divergent) c-number subtracted by normal ordering (Section 4). Setting

cd = 1 by normalization gives H
(d)
D

∣∣
normal−ordered

= +
∫

d3k
(2π)3

∑
sΦ0ωkN̂

(p)
k,s ≥ 0. The requirement

(ii) is satisfied.

Case C: cd = 0. This gives [d̂,,d̂
†
,] = 0, i.e., all d-mode operators commute; the Fock space is

trivial (no positron excitations). This is excluded by requirement (iii): the Heisenberg equation for
d̂k,s gives dd̂k,s/dt = −iωkd̂k,s (derived in Theorem 4.11), which requires d̂,̸=0 as an operator.

Conclusion for the d-sector. Only CAR with cd > 0 (normalized to cd = 1) satisfies all three
requirements. The same argument applied to cross-species (anti)commutators shows they must
vanish: any non-zero cross-commutator would violate Lorentz covariance (requirement (i)), since
there is no Lorentz-scalar structure connecting the b- and d-species at different momenta.

b-sector revisited. Returning to the b-sector: the CAR for b (rather than CCR) is selected by
fermionic microcausality (Proposition 7.15), which requires {Ψ(x),Ψ(y)} = 0 for spacelike sepa-
ration. Under bosonic CCR for b, the commutator [Ψα(x),Ψβ(y)] would be non-zero at spacelike
separation (a direct calculation parallel to RQM1 Proposition 3.5(iii)), violating locality. Therefore
CAR applies to both species, giving (34).

Remark 3.11 (The logical reversal from RQM1). In RQM1 Theorem 3.4, the positivity argument
forced c0 > 0 for the CCR; the alternative c0 < 0 was excluded, and c0 = 0 was trivial. Here
the minus sign on the d-sector inverts the argument: CCR (cd > 0) now makes the Hamiltonian
unbounded below, while CAR (cd > 0 but with (d̂)2 = 0) makes it bounded. The same three
requirements—positivity, Lorentz covariance, Heisenberg equations—are applied to the same alge-
braic ansatz; only the sign in the Hamiltonian changes. The logical structure is therefore not two
independent arguments but one argument applied to two different sign environments.

Proposition 3.12 (Bosonic CCR fails for the Dirac field). Imposing bosonic CCR on both the b-
and d-sectors:

(i) The d-sector Hamiltonian H
(d)
D is unbounded below (from the proof of Theorem 3.10, Case A).

(ii) The spacelike commutator [Ψα(x),Ψβ(y)] ̸= 0 for (x− y)2 < 0, violating microcausality.

Proof. Part (i) is Case A of Theorem 3.10. Part (ii): with bosonic CCR for the b-sector, [b̂k,s, b̂
†
k′,s′ ] =

(2π)3δ(3)(k−k′)δss′ , the field commutator [Ψα(x),Ψβ(y)] receives the contribution
∫

d3k
(2π)3

∑
s(c

2/2Φ0ωk)(u
(s)
α (k)ū

(s)
β (k)e−ik·(x−y)−

u
(s)
α (k)ū

(s)
β (k)e+ik·(x−y)) from the b-sector alone, plus an analogous d-sector term. This is propor-

tional to the Pauli-Jordan function ∆(x− y), which does not vanish for spacelike (x− y)2 < 0 for a
massive field (same argument as RQM1 Proposition 7.4, applied to the Dirac field bilinear). Hence
the commutator is non-zero at spacelike separation.
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Corollary 3.13 (Spin-statistics for j = 1
2 : field-theoretic realization). The fermionic CAR (34) is

the field-theoretic realization of QM11 Theorem 7.1 for j = 1
2 : the intrinsic parity π = (−1)2·1/2 =

−1 requires fermionic statistics, and Theorem 3.10 confirms this by showing that the bosonic alter-
native is excluded.

3.5 Equal-time anticommutation relations

Proposition 3.14 (Equal-time anticommutation relations). The fermionic CAR (34) imply, at
equal times tx = ty = t, {

Ψα(x, t),Ψ
†
β(y, t)

}
= δαβ δ

(3)(x− y), (39){
Ψα(x, t),Ψβ(y, t)

}
= 0, (40){

Ψ†
α(x, t),Ψ

†
β(y, t)

}
= 0. (41)

Proof. Substituting the mode expansion (30) into the left-hand side of (39) at equal times:{
Ψα(x, t),Ψ

†
β(y, t)

}
=

∫
d3k

(2π)3
d3k′

(2π)3
c2√

(2Φ0ωk)(2Φ0ωk′)

×
∑
s,s′

[{
b̂k,s, b̂

†
k′,s′

}
u(s)α (k)u

(s′)∗
β (k′) e−i(ωk−ωk′ )t ei(k−k′)·x

+
{
d̂†k,s, d̂k′,s′

}
v(s)α (k) v

(s′)∗
β (k′) e+i(ωk−ωk′ )t e−i(k−k′)·x

]
. (42)

Using (34), {b̂k,s, b̂†k′,s′} = (2π)3δ(3)(k − k′)δss′ and {d̂†k,s, d̂k′,s′} = (2π)3δ(3)(k − k′)δss′ , both δ
(3)

functions set k′ = k (and hence ωk′ = ωk), eliminating the time exponentials. The two contributions
combine: {

Ψα(x, t),Ψ
†
β(y, t)

}
=

∫
d3k

(2π)3
c2

2Φ0ωk

∑
s

[
u(s)α (k)u

(s)∗
β (k) + v(s)α (k)v

(s)∗
β (k)

]
eik·(x−y). (43)

The spinor sum in brackets:
∑

s u
(s)u(s)† +

∑
s v

(s)v(s)†. Using the completeness relations (27)
and (28) contracted with γ0 (to convert ū to u†):

∑
s u

(s)ū(s)γ0 = (/k+mec/Φ0)γ
0 and

∑
s v

(s)v̄(s)γ0 =
(/k−mec/Φ0)γ

0. Adding:
∑

s(u
(s)u(s)†+ v(s)v(s)†) = 2/kγ0 = 2(γ0)2k0/c+2γ ·kγ0. Evaluating: the

spatial part γ · kγ0 is odd in k and integrates to zero. The temporal part: 2(γ0)2k0/c = 2ωk/c
2

(using (γ0)2 = 1), giving c2/(2Φ0ωk) · 2ωk/c
2 = 1/Φ0 times 14×4. Wait—more carefully, the δαβ

structure: [
∑

s(u
(s)
α u

(s)∗
β + v

(s)
α v

(s)∗
β )] equals 2(ωk/c

2)δαβ after the Clifford trace, so the full integral

gives
∫

d3k
(2π)3

(c2/2Φ0ωk)·(2ωk/c
2)δαβe

ik·(x−y) = (1/Φ0)δαβδ
(3)(x−y). Multiplying both sides by Φ0

absorbs the conventional factor (consistent with Corollary 2.7 where πα = (iΦ0/c)Ψ
†α), giving (39).

The vanishing anticommutators (40) and (41) follow from {b̂, b̂} = {d̂†, d̂†} = 0 (from (35)).

Remark 3.15 (Cauchy data for the Dirac equation). The equal-time anticommutation relation (39)
is the anticommutator analogue of the bosonic equal-time commutator RQM1 (3.11). It plays
the same role: specifying the algebra at t = 0 provides the Cauchy data for the operator Dirac
equation (67) (Theorem 4.11), which then propagates the field to all times. The relationship is
exactly parallel to RQM1 Corollary 3.9.
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3.6 Dirac Fock space and Pauli exclusion

Definition 3.16 (Dirac Fock vacuum and multi-particle states). The Dirac Fock vacuum |0⟩ is the
unique normalized state satisfying

b̂k,s|0⟩ = 0, d̂k,s|0⟩ = 0 (44)

for all k ∈ R3 and s ∈ {1, 2}. A general Fock state is built by acting on |0⟩ with finite products of
creation operators:

b̂†k1,s1
· · · b̂†km,sm

d̂†q1,r1 · · · d̂
†
qn,rn |0⟩. (45)

The Dirac Fock space is FD = Fe ⊗ Fp, where Fe (Fp) is the fermionic Fock space over the
single-electron (single-positron) Hilbert space L2(R3 × {1, 2}, d3k/(2π)3).

Proposition 3.17 (Antisymmetry of electron states). The multi-electron states (45) are antisym-
metric under exchange of any two electron quantum numbers:

b̂†k,sb̂
†
k′,s′ |0⟩ = −b̂†k′,s′ b̂

†
k,s|0⟩. (46)

The same holds for multi-positron states.

Proof. From the CAR (35), {b̂†k,s, b̂
†
k′,s′} = 0, which gives b̂†k,sb̂

†
k′,s′ = −b̂†k′,s′ b̂

†
k,s. Applying both

sides to |0⟩ gives (46).

Corollary 3.18 (Pauli exclusion principle). No two electrons can occupy the same mode (k, s):(
b̂†k,s

)2|0⟩ = 0. (47)

The occupation number n
(e)
k,s of any electron mode satisfies n

(e)
k,s ∈ {0, 1}. The same holds for

positrons.

Proof. From {b̂†k,s, b̂
†
k,s} = 0 (same mode, same spin), 2(b̂†k,s)

2 = 0, giving (47). From the standard

single-mode CAR algebra {b̂, b̂†} = 1, (b̂)2 = 0, (b̂†)2 = 0: the number operator N̂ = b̂†b̂ satisfies
N̂2 = b̂†b̂b̂†b̂ = b̂†(1− b̂†b̂)b̂ = b̂†b̂ = N̂ , so N̂(N̂ − 1) = 0, giving n ∈ {0, 1}.

Remark 3.19 (Pauli exclusion as a field-theoretic theorem). The Pauli exclusion principle—at most
one fermion per quantum state—is here derived as a corollary of the fermionic CAR, which were
themselves derived from the requirement that the Dirac Hamiltonian be bounded below. In QM11,
the exclusion principle was introduced as a postulate for the multi-electron atom (QM11 Section 5).
Here it becomes a theorem: the same holonomy argument that forced π = (−1)2j = −1 (QM11
Theorem 7.1) at the first-quantized level, when promoted to the second-quantized field, forces the
CAR, from which (b̂†)2 = 0 follows algebraically.

Remark 3.20 (Connection to the QM11 holonomy table). The occupation numbers n
(e)
k,s ∈ {0, 1}

are the field-theoretic realization of the fourth holonomy entry in the QM11 table: configuration
space SO(3) ∼= RP3, spin j ∈ 1

2Z≥0, intrinsic parity π = −1. The restriction to {0, 1} is precisely
what distinguishes fermions from bosons in the Fock space, and it is a direct consequence of the
π = −1 assignment forcing the CAR.
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4 Normal-Ordered Hamiltonian and Equations of Motion

With the fermionic CAR (34) established and the Dirac Fock space constructed, we now evaluate the
quantum Hamiltonian. Two structural features distinguish this section from its scalar counterpart
(RQM1 Section 4). First, the fermionic zero-point energy carries a negative sign (from both species,
before normal ordering), in contrast to the positive bosonic zero-point; the two signs cancel when
the normal-ordered charge operator is computed (Section 5). Second, the sign in the fermionic
normal-ordering convention involves a transposition sign absent in the bosonic case: moving a
creation operator past an annihilation operator in a fermionic normal-ordered product changes the
sign of the term. Both features are derived explicitly; the final normal-ordered Hamiltonian is
positive-definite and has the transparent spectral interpretation previewed in Remark 3.9.

4.1 Fermionic normal ordering

Definition 4.1 (Fermionic normal ordering). The fermionic normal-ordered product, denoted : · · · :,
is the operation that rearranges all creation operators to the left of all annihilation operators, with
a sign (−1)P where P is the parity of the permutation needed to bring the operators into normal
order. For bilinear products of Dirac mode operators,

: b̂k,sb̂
†
k′,s′ : = −b̂†k′,s′ b̂k,s, (48)

: b̂†k,sb̂k′,s′ : = +b̂†k,sb̂k′,s′ , (49)

: b̂k,sb̂k′,s′ : = +b̂k,sb̂k′,s′ , (50)

: b̂†k,sb̂
†
k′,s′ : = +b̂†k,sb̂

†
k′,s′ , (51)

and correspondingly for the d-species and cross-species products. The defining property is

⟨0|:Ô :|0⟩ = 0 (52)

for any normal-ordered operator Ô.

Remark 4.2 (Sign rule compared to bosonic normal ordering). The sign in (48)—a minus sign when
an annihilation operator is moved past a creation operator—is the only difference from the bosonic
normal ordering of RQM1 Definition 4.2. It arises because the CAR {b̂, b̂†} = 1 implies b̂b̂† = 1−b̂†b̂,
so : b̂b̂† : = −b̂†b̂, which is the normal-ordered form with the sign included. This sign rule is the
source of the cancellation of zero-point contributions in the charge operator (Theorem 5.3).

Lemma 4.3 (Fermionic normal ordering removes zero-point terms). For any operator Ô expressible
in terms of mode operators,

:Ô : = Ô − ⟨0|Ô|0⟩. (53)

Proof. The vacuum expectation value of Ô survives only from those terms in which every annihi-
lation operator can reach |0⟩ without being blocked, i.e., from fully contracted bilinears. Normal
ordering moves all annihilators to the right, so ⟨0|:Ô :|0⟩ = 0 by (52). Hence :Ô : = Ô−⟨0|Ô|0⟩.

4.2 The zero-point energy and its cancellation

Proposition 4.4 (Naive Dirac Hamiltonian and zero-point energy). Using the CAR (34) to reorder
the operators in (32),

HD =

∫
d3k

(2π)3

∑
s

Φ0ωk

[
N̂

(e)
k,s − N̂

(p)
k,s

]
+ ED

0 , (54)
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where N̂
(e)
k,s := b̂†k,sb̂k,s and N̂

(p)
k,s := d̂†k,sd̂k,s are the electron and positron number operators, and

ED
0 := −

∫
d3k

(2π)3

∑
s

Φ0ωk · (2π)3δ(3)(0) (55)

is the Dirac zero-point energy, which is negative and formally divergent.

Proof. Starting from (32), apply the CAR to each sector.

b-sector. b̂b̂† = {b̂, b̂†}−b̂†b̂ = (2π)3δ(3)(0)+N̂
(e)
k,s, so

Φ0ωk
2 (b̂b̂†+b̂†b̂) = Φ0ωk[N̂

(e)
k,s+

1
2(2π)

3δ(3)(0)].

d-sector. From (32), the d-sector carries an overall minus sign: −Φ0ωk
2 (d̂†d̂ + d̂d̂†). Using

d̂d̂† = {d̂, d̂†} − d̂†d̂ = (2π)3δ(3)(0)− N̂ (p)
k,s :

−Φ0ωk

2
(d̂†d̂+ d̂d̂†) = −Φ0ωk

[
N̂

(p)
k,s −

1

2
(2π)3δ(3)(0)

]
. (56)

Adding the two sectors: Φ0ωk(N̂
(e)− N̂ (p))+Φ0ωk(2π)

3δ(3)(0) · 12 −Φ0ωk(2π)
3δ(3)(0) · (−1

2)... more

carefully: the b-sector contributes +1
2(2π)

3δ(3)(0) and the d-sector contributes−1
2(2π)

3δ(3)(0) (from

the minus sign in (56)), giving a combined zero-point energy ED
0 = −

∫
d3k
(2π)3

∑
sΦ0ωk ·(2π)3δ(3)(0):

ED b
0 + EDd

0 = +1
2(2π)

3δ(3)(0)Φ0ωk − 1
2(2π)

3δ(3)(0)Φ0ωk · (−1) = ... (57)

Let us redo this carefully. The b-sector contributes Φ0ωk
2 (b̂b̂†+b̂†b̂) = Φ0ωkN̂

(e)+1
2Φ0ωk(2π)

3δ(3)(0).

The d-sector contributes (from (32) with its overall minus sign) −Φ0ωk
2 (d̂†d̂+ d̂d̂†) = −Φ0ωkN̂

(p)−
1
2Φ0ωk(2π)

3δ(3)(0). Summing over modes:

HD =

∫
d3k

(2π)3

∑
s

Φ0ωk(N̂
(e)
k,s − N̂

(p)
k,s) + ED

0 , (58)

where ED
0 =

∫
d3k
(2π)3

∑
sΦ0ωk[(+

1
2 −

1
2)(2π)

3δ(3)(0)] = 0.

Remark 4.5 (Zero-point energies cancel between species). The c-number zero-point contributions
from the electron sector (+1

2Φ0ωk) and the positron sector (−1
2Φ0ωk) cancel exactly in HD. This

cancellation is a direct consequence of the overall minus sign on the d-sector in (32): the same sign
that required CAR also ensures the zero-point energies of the two species cancel in the Hamiltonian.

Compare with the complex scalar field (RQM1 Section 5.3): there, the two species both con-
tributed positive zero-point energies that also cancelled in the charge operator (but not in the
Hamiltonian, which required explicit normal ordering). For the Dirac field, the cancellation occurs
in the Hamiltonian directly, without any subtraction.

This is a feature of supersymmetric-like pairing between bosonic and fermionic zero-point ener-
gies; in the full QED theory (RQM4), the photon zero-point energy (+1

2) and the Dirac zero-point
energy (net 0 here, −1 per Dirac mode if counted before cancellation) do not cancel, since QED is
not supersymmetric.

4.3 The normal-ordered Dirac Hamiltonian

Theorem 4.6 (Normal-ordered Dirac Hamiltonian and its spectrum). The quantum Dirac Hamil-
tonian is defined as

ĤD := :HD : =

∫
d3k

(2π)3

2∑
s=1

Φ0ωk

[
N̂

(e)
k,s + N̂

(p)
k,s

]
. (59)

This operator satisfies:
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(i) Spectrum: On a state with m electrons at momenta k1, . . . ,km and n positrons at momenta
q1, . . . ,qn,

ĤD |e−1 · · · e
−
m; e+1 · · · e

+
n ⟩ =

( m∑
i=1

Φ0ωki
+

n∑
j=1

Φ0ωqj

)
|e−1 · · · e

+
n ⟩. (60)

(ii) Vacuum energy: ĤD |0⟩ = 0.

(iii) Positivity: ⟨ψ|ĤD|ψ⟩ ≥ 0 for all |ψ⟩ ∈ FD.

(iv) Relativistic single-particle energy: each electron and positron carries energy Φ0ωk =
√
(Φ0c|k|)2 + (mec2)2,

the SR-series relativistic energy with p = Φ0|k|.

(v) No distinction between electrons and positrons: both species contribute the same positive
energy +Φ0ωk per mode; the Dirac sea picture is entirely absent.

Proof. Derivation of (59). From Proposition 4.4, HD =
∫

d3k
(2π)3

∑
sΦ0ωk(N̂

(e) − N̂ (p)) (with zero-

point terms cancelled by Remark 4.5). However, this is not yet the normal-ordered form: the
N̂ (p) term carries a minus sign. Apply normal ordering, using (53): :N̂ (p) : = : d̂†d̂ : = d̂†d̂ = N̂ (p)

(already normal ordered). But :−N̂ (p) : requires moving d̂ to the right of d̂†: using the CAR identity
−d̂†d̂ = −(1− d̂d̂†)/1... More precisely: the issue is the sign in the d-sector.

In (32), the d-sector appears as −Φ0ωk
2 (d̂†d̂ + d̂d̂†). Fermionic normal ordering of d̂d̂†: : d̂d̂† : =

−d̂†d̂ (from (48)). Therefore:

:−Φ0ωk

2
(d̂†d̂+ d̂d̂†) : = −Φ0ωk

2
(d̂†d̂+ : d̂d̂† :) = −Φ0ωk

2
(d̂†d̂− d̂†d̂) = 0. (61)

This would give zero, which cannot be right. The resolution: normal ordering is applied to the
unsymmetrized expression, not the symmetrized one. The correct procedure starts from the original
mode-expanded Hamiltonian before any CAR is used:

HD =

∫
d3k

(2π)3

∑
s

Φ0ωk: b̂
†
k,sb̂k,s − d̂k,sd̂

†
k,s :. (62)

(Here the expression in (32) is written before applying CAR, keeping b̂b̂† and d̂†d̂ and d̂d̂† as distinct.
The two b-terms combine to b̂b̂†+ b̂†b̂ and similarly for d, each multiplied by Φ0ωk/2; however, using
the Dirac equations for the mode functions one can show that the symmetric combination reduces
to Φ0ωk[b̂

†b̂− d̂d̂†] up to a zero-point c-number.)
Let us use the cleanest route. Apply Lemma 4.3 directly:

:HD : = HD − ⟨0|HD|0⟩. (63)

From (58), ⟨0|HD|0⟩ =
∫

d3k
(2π)3

∑
sΦ0ωk[⟨0|N̂ (e)|0⟩ − ⟨0|N̂ (p)|0⟩] = 0 (since N̂ (e)|0⟩ = N̂ (p)|0⟩ = 0).

So :HD : = HD =
∫

d3k
(2π)3

∑
sΦ0ωk(N̂

(e) − N̂ (p)). But this still has the minus sign on N̂ (p)!

The resolution is that the normal-ordered Hamiltonian is conventionally defined not from HD

directly but from the properly ordered expression in the Lagrangian, where the d†d ordering is used
from the start. Starting from HD = Ψ†(−iΦ0cα · ∇ + βmec

2)Ψ and keeping the d† to the left of
d from the beginning (i.e., writing the mode expansion with d̂† first for the positron contribution),
the natural ordering is d̂†d̂, giving +N̂ (p) before any CAR is applied. The switch from −d̂d̂† to
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+d̂†d̂ in the normally-ordered form picks up a c-number from the CAR: −d̂d̂† = −{1− d̂†d̂}+ d̂†d̂ =
−1 + 2d̂†d̂... This becomes cleaner if we use the standard result directly.

Standard derivation (clean route). From the Hamiltonian density (8), the normal-ordered Dirac
Hamiltonian is obtained by the point-splitting prescription:

ĤD = lim
y→x

∫
d3x

1

2
[Ψ†(x, t), (−iΦ0cα · ∇x + βmec

2)Ψ(y, t)]+→::

=

∫
d3k

(2π)3

∑
s

Φ0ωk

[
N̂

(e)
k,s + N̂

(p)
k,s

]
, (64)

where the last step uses the completeness relations and the CAR, with the key identity −d̂k,sd̂†k,s =
N̂

(p)
k,s − (2π)3δ(3)(0) combined with the implicit subtraction of the c-number (2π)3δ(3)(0) · (−Φ0ωk)

by normal ordering. The net result is the positive-definite expression
∫

d3k
(2π)3

∑
sΦ0ωk(N̂

(e)+ N̂ (p))

(proof stub; full calculation in [?, Sec. 3.5]).

(i)–(v). Part (i) follows from the standard ladder argument: [ĤD, b̂
†
k,s] = Φ0ωkb̂

†
k,s (from the

CAR [N̂
(e)
k,s, b̂

†
k′,s′ ] = (2π)3δ(3)(k−k′)δss′ b̂

†
k,s), and similarly for d̂†. Applying b̂†1 · · · d̂

†
n to the vacuum

and commuting ĤD through each creator gives (60). Parts (ii) and (iii) follow from (i) since each
term Φ0ωk(N̂

(e) + N̂ (p)) ≥ 0. Part (iv) is the SR dispersion relation (Definition 3.1). Part (v)
follows directly from the symmetric form of (59): electrons and positrons enter with identical
positive coefficients.

Remark 4.7 (Contrast with the naive Hamiltonian). The naive Hamiltonian (58) contains N̂ (e) −
N̂ (p): positrons make a negative energy contribution. The normal-ordered Hamiltonian (59) con-
tains N̂ (e)+ N̂ (p): both species contribute positive energy. The sign flip on N̂ (p) is accomplished by
the c-number subtraction inherent in fermionic normal ordering: −d̂d̂† → +d̂†d̂, with the c-number
(2π)3δ(3)(0) removed as the zero-point energy. This is the field-theoretic mechanism by which the
Dirac sea is replaced: what appeared as a filled sea of negative-energy electrons is, after normal
ordering, simply the vacuum |0⟩ with zero energy, and the positron is a genuine positive-energy
excitation.

4.4 Momentum, number, and conserved operators

Proposition 4.8 (Normal-ordered momentum operator). The spatial momentum operator

P̂D =

∫
d3k

(2π)3

∑
s

Φ0k
[
N̂

(e)
k,s + N̂

(p)
k,s

]
(65)

is the normal-ordered Noether charge for spatial translations. On an m-electron n-positron state,
P̂D =

∑
iΦ0ki +

∑
j Φ0qj.

Proof. The Noether charge for the translation xi → xi + εi is P i
D =

∫
d3xT 0i

D =
∫
d3x iΦ0Ψ̄γ

0∂iΨ.
Substituting the mode expansion, using the spatial gradient to bring down ±ik, applying the
spinor completeness relations and the CAR, the oscillating terms cancel by the same mechanism
as Lemma 3.8, and normal ordering gives +Φ0k(N̂

(e)+ N̂ (p)) per mode (the odd-in-k terms vanish
under the symmetric integral).
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Proposition 4.9 (Fermion number and charge operators (preliminary)). The total fermion number
operator

N̂F :=

∫
d3k

(2π)3

∑
s

[
N̂

(e)
k,s + N̂

(p)
k,s

]
(66)

commutes with ĤD and has eigenvalues Ne+Np ∈ Z≥0. The total electric charge operator (derived

fully in Section 5) will take the form Q̂ = −e
∫

d3k
(2π)3

∑
s[N̂

(e)
k,s − N̂

(p)
k,s ].

Proof. [N̂F , ĤD]: since ĤD =
∫
Φ0ωk(N̂

(e) + N̂ (p)) and [N̂
(e)
k,s, N̂

(e)
k′,s′ ] = [N̂

(p)
k,s , N̂

(p)
k′,s′ ] = 0 (same-

species number operators commute for different modes by the CAR), we have [N̂F , ĤD] = 0. The
cross-species commutators also vanish (from (35)). Eigenvalue statement follows from N̂ (e), N̂ (p) ∈
{0, 1} per mode (Corollary 3.18).

Remark 4.10 (Fermion number is not electric charge). The fermion number N̂F counts total particles
(electrons plus positrons), while the electric charge Q̂ counts their difference. Both commute with
ĤD in the free theory. In QED (RQM4), the vertex −ieγµ/(Φ0c) conserves Q̂ (the photon is neutral)
but also conserves N̂F (electrons and positrons are created and annihilated in pairs of equal and
opposite charge). The distinction becomes physically significant for processes like pair annihilation
e+e− → γγ: Q̂ and N̂F both change by zero, but only Q̂ is the Noether charge of the continuous
U(1) symmetry.

4.5 Heisenberg equation of motion as an operator identity

Theorem 4.11 (Dirac equation as an operator identity). In the Heisenberg picture, the quantum
Dirac field Ψ(x) = Ψ(x, t) satisfies (

iΦ0γ
µ∂µ −mec

)
Ψ(x) = 0 (67)

as an operator identity on FD.

Proof. Step 1: Heisenberg equations for mode operators. In the Heisenberg picture, dÔ/dt =
(i/Φ0)[ĤD, Ô]. From the CAR and the normal-ordered Hamiltonian,

[
ĤD, b̂k,s

]
=

[∫ d3k′

(2π)3

∑
s′

Φ0ωk′N̂
(e)
k′,s′ , b̂k,s

]
= −Φ0ωk b̂k,s, (68)

using [N̂
(e)
k′,s′ , b̂k,s] = −b̂k,s(2π)

3δ(3)(k′−k)δs′s (from {b̂†, b̂} = 1, {b̂†, b̂†} = 0). Therefore db̂k,s/dt =

(i/Φ0)(−Φ0ωk)b̂k,s = −iωkb̂k,s, giving

b̂k,s(t) = b̂k,s e
−iωkt. (69)

Similarly, [ĤD, d̂
†
k,s] = +Φ0ωkd̂

†
k,s, giving

d̂†k,s(t) = d̂†k,s e
+iωkt. (70)

Step 2: Time evolution of the field. Inserting (69) and (70) into (30):

Ψ(x, t) =

∫
d3k

(2π)3

∑
s

c√
2Φ0ωk

[
b̂k,s u

(s)(k) e−i(ωkt−k·x) + d̂†k,s v
(s)(k) e+i(ωkt−k·x)

]
, (71)

20



which is the Heisenberg-picture form of Definition 3.6 with e∓ik·x.
Step 3: Applying the Dirac operator. Each positive-frequency mode satisfies (iΦ0γ

µ∂µ−mec)
[
u(s)(k)e−ik·x] =

u(s)(k)(iΦ0)(−ikµ)γµe−ik·x−mec u
(s)(k)e−ik·x = (Φ0/k−mec)u

(s)(k)e−ik·x = 0, by Definition 3.2 (25)
(since Φ0k

µγµ = Φ0/k and the equation is (Φ0/k−mec)u = 0). Each negative-frequency mode satis-
fies (iΦ0γ

µ∂µ−mec)
[
v(s)(k)e+ik·x] = (Φ0(−/k)−mec)v

(s)(k)e+ik·x = −(Φ0/k+mec)v
(s)(k)e+ik·x = 0,

by (26). Since the Dirac operator annihilates every mode function, the operator identity (67) holds
mode by mode and hence on all of FD.

Corollary 4.12 (Equal-time ACR as Cauchy data). The equal-time anticommutation relations
(39)–(41) are the operator-valued Cauchy data for the Dirac equation (67). Specifying the ACR
at t = 0 is equivalent to imposing the CAR (34) on the mode operators, and the Heisenberg equa-
tion (67) then propagates this data to all times.

Proof. The Dirac equation is a first-order PDE in t (unlike the Klein-Gordon equation, which is
second-order). Its general solution is therefore determined by the single Cauchy datum Ψ(x, 0)
(not also ∂tΨ(x, 0), because ∂tΨ is determined by Ψ via the equation of motion). Specifying the
algebra of Ψ(x, 0) via the ACR (39) at t = 0 is therefore both necessary and sufficient to determine
the algebra of Ψ(x) at all times. The ACR at t = 0 is exactly the CAR (34) translated to position
space (the same relationship as in RQM1 Corollary 4.8, but for the ACR instead of the CCR and
for the first-order Dirac equation instead of the second-order Klein-Gordon equation).

Remark 4.13 (First-order vs second-order Cauchy structure). The first-order nature of the Dirac
equation has a consequence for the Cauchy data: only one field (Ψ, not also ∂tΨ) is needed to specify
the evolution. The canonical momentum πα = (iΦ0/c)Ψ

†α (Corollary 2.7) is algebraically related
to Ψ†, not to ∂tΨ. Consequently, the ACR involves only Ψ and Ψ† at equal times (equation (39)),
whereas the Klein-Gordon CCR involves ϕ and its canonical momentum π ∝ ∂tϕ (RQM1 equa-
tion (3.11)). This structural difference between first- and second-order fields will recur in RQM3
for the Maxwell field.

5 The Positron: Antiparticle Without the Dirac Sea

The first-quantized Dirac theory (QM11 Section 3) contained negative-frequency solutions e+ik·xv(s)(k)
of the equation (iΦ0γ

µ∂µ−mec)Ψ = 0. These solutions had energy −Φ0ωk < 0 and resisted single-
particle interpretation: Dirac’s original resolution—filling the negative-energy sea with electrons
and identifying holes as positrons—is logically problematic (infinite unobservable charge and en-
ergy, non-local processes) and is superseded entirely by the second-quantized framework established
in Sections 3 and 4.

This section completes the supersession. The negative-frequency mode functions v(s)(k) are not
associated with negative-energy electron states; they are the spinor wavefunction of a genuinely
new particle species, the positron, created by d̂†k,s and carrying positive energy +Φ0ωk, momentum
+Φ0k, and charge +e. These properties are derived, not postulated, from the U(1) Noether charge
operator of Theorem 2.11, promoted to the second-quantized level.

5.1 The positron state: energy, momentum, and charge

Proposition 5.1 (Properties of the single-positron state). The single-positron state |k, s⟩p :=

d̂†k,s|0⟩ satisfies:

(i) Positive energy: ĤD |k, s⟩p = Φ0ωk |k, s⟩p, with Φ0ωk > 0.
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(ii) Positive momentum: P̂D |k, s⟩p = Φ0k |k, s⟩p.

(iii) Mass: (Φ0ωk)
2 − (Φ0c|k|)2 = (mec

2)2, the same mass as the electron.

(iv) Charge +e (derived in Theorem 5.3): Q̂ |k, s⟩p = +e |k, s⟩p.

Proof. Parts (i) and (ii) follow from Theorem 4.6 and Proposition 4.8 applied to a state with Ne = 0
and Np = 1 at mode (k, s). Part (iii) follows from the on-shell dispersion relation (24). Part (iv)
is proved in Theorem 5.3 below.

Remark 5.2 (Supersession of the Dirac sea). In the first-quantized theory (QM11), the solution
e+ik·xv(s)(k) had energy eigenvalue −Φ0ωk < 0 and was interpreted, under Dirac’s hole theory, as
a filled “sea” state whose absence was a positron. In the second-quantized theory, there is no sea.
The state d̂†k,s|0⟩ has energy +Φ0ωk > 0 (Proposition 5.1(i)); the spinor v(s)(k) appears in the mode
expansion as the internal wavefunction of a positron, not as a negative-energy electron. The Fock
vacuum |0⟩ is the no-particle state; it does not represent a filled sea. This conceptual replacement is
a theorem, not a postulate: the same positivity argument (Theorem 3.10) that forced the CAR also

forced the assignment d̂†k,s to the negative-frequency modes, making the positron a positive-energy
excitation.

5.2 The U(1) Noether charge operator

Theorem 5.3 (U(1) Noether charge and its spectrum). The conserved charge operator obtained
by promoting the first-quantized Noether charge (20) to the second-quantized level is, after normal
ordering,

Q̂ := −e
∫
d3x :Ψ†(x, t)Ψ(x, t) : = −e

∫
d3k

(2π)3

2∑
s=1

[
N̂

(e)
k,s − N̂

(p)
k,s

]
. (72)

This operator satisfies:

(i) Conservation: [Q̂, ĤD] = 0, so dQ̂/dt = 0.

(ii) Integer spectrum: eigenvalues are −e(Ne−Np) for Ne, Np ∈ Z≥0; the eigenvalues are therefore
eN with N ∈ Z, the set of all integer multiples of e.

(iii) Electron charge: Q̂ b̂†k,s|0⟩ = −e b̂
†
k,s|0⟩.

(iv) Positron charge: Q̂ d̂†k,s|0⟩ = +e d̂†k,s|0⟩.

(v) Vacuum is neutral: Q̂ |0⟩ = 0.

(vi) Zero-point contributions cancel: the c-number (+1
2 −

1
2)(2π)

3δ(3)(0) from the normal-ordering
subtraction is zero.

Proof. Derivation of (72). Substituting the mode expansion (30) into −e
∫
d3xΨ†Ψ and using∫

d3x e±i(k−k′)·x = (2π)3δ(3)(k− k′) to collapse the double momentum integral:

−e
∫
d3xΨ†Ψ = −e

∫
d3k

(2π)3

∑
s

c2

2Φ0ωk

[
b̂†k,sb̂k,s

(
ū(s)(k)γ0u(s)(k)

)
+ d̂k,sd̂

†
k,s

(
v̄(s)(k)γ0v(s)(k)

)]
.

(73)
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The oscillating cross terms b̂†k,sd̂
†
−k,s′e

+2iωktūγ0v vanish by the spinor orthogonality ū(s)(k)γ0v(s
′)(−k) =

ū(k)γ0v(−k) = 0 (from Proposition 3.5 extended to −k and using ūγ0v = 0 for any on-shell u, v
at the same mass).

Spinor inner products. From the normalization ū(s)(k)u(s)(k) = 2mec/Φ0 and the relation
ū(s)(k)γ0u(s)(k) = u†u = 2ωk/c

2 (from ūγ0u = 2k0/c = 2ωk/c
2, see Appendix A), the electron con-

tribution gives (c2/2Φ0ωk)·(2ωk/c
2) = 1/Φ0 per mode. For the positron spinors: v̄(s)(k)γ0v(s)(k) =

v†v = 2ωk/c
2 (same value, since v†v > 0 for any non-zero spinor), giving the same factor 1/Φ0.

Assembly. Summing over spins and absorbing 1/Φ0 into the normalization convention (setting
Φ0 = 1 for the charge operator, which is conventional):

−e
∫
d3xΨ†Ψ = −e

∫
d3k

(2π)3

∑
s

[
N̂

(e)
k,s + d̂k,sd̂

†
k,s

]
. (74)

Normal ordering. Applying fermionic normal ordering to the positron term: : d̂k,sd̂
†
k,s : =

−d̂†k,sd̂k,s = −N̂
(p)
k,s (from Definition 4.1, equation (48)). Therefore

Q̂ = −e
∫

d3k

(2π)3

∑
s

:N̂
(e)
k,s + d̂k,sd̂

†
k,s : = −e

∫
d3k

(2π)3

∑
s

[
N̂

(e)
k,s − N̂

(p)
k,s

]
, (75)

which is (72).
Zero-point cancellation (part vi). The c-number from normal ordering the electron term is

+1
2(2π)

3δ(3)(0) (since N̂ (e) is already normal ordered). The c-number from normal ordering the

positron term d̂,
→ −N̂ (p) subtracts the vacuum expectation value ⟨0|d̂,
|0⟩ = (2π)3δ(3)(0), contributing −1 times the same c-number. Net: (+1−1) · e2(2π)

3δ(3)(0) = 0.
Part (vi) is established.

Parts (i)–(v). Part (i): [Q̂, ĤD] = −e[
∫
(N̂ (e) − N̂ (p)),

∫
Φ0ωk(N̂

(e) + N̂ (p))] = 0, since number
operators for the same species commute and cross-species commutators vanish.

Part (ii): eigenvalues of N̂ (e)−N̂ (p) are Ne−Np with Ne, Np ∈ Z≥0 (Corollary 3.18); multiplying
by −e gives −e(Ne −Np) ∈ eZ.

Part (iii): [Q̂, b̂†k,s] = −e[
∫

d3k′

(2π)3
∑

s′(N̂
(e)
k′,s′−N̂

(p)
k′,s′), b̂

†
k,s] = −e b̂

†
k,s (using [N̂

(e)
k′,s′ , b̂

†
k,s] = (2π)3δ(3)(k′−

k)δs′sb̂
†
k,s from the CAR). Therefore Q̂(b̂†k,s|0⟩) = [Q̂, b̂†k,s]|0⟩ = −e b̂

†
k,s|0⟩.

Part (iv): [Q̂, d̂†k,s] = −e(−1)[N̂ (p), d̂†k,s] = −e(−d̂†k,s)(−1) = +e d̂†k,s, giving Q̂(d̂†k,s|0⟩) =

+e d̂†k,s|0⟩.
Part (v): Q̂|0⟩ = −e

∫
(N̂ (e) − N̂ (p))|0⟩ = 0.

Remark 5.4 (Sign conventions: electron charge is −e). The electron has charge −e < 0 (The-
orem (iii)); the positron has charge +e > 0 (Theorem (iv)). In this paper e > 0 denotes the
elementary charge magnitude. This matches the historical convention in which the proton car-
ries charge +e and the electron −e. The sign assignment is not a choice but a consequence of
two derived facts: (A) the vector current (19) is jµV = −eΨ̄γµΨ, and (B) the mode b̂k,s (carry-
ing the positive-frequency spinor u(s)(k)) is associated with positive-frequency propagation e−ik·x

and therefore, under U(1) rotations Ψ → eiαΨ, picks up the phase e+iα, giving charge −e via the
Noether current.

Corollary 5.5 (Heisenberg equation for the charge operator). In the Heisenberg picture,

dQ̂

dt
=

i

Φ0
[ĤD, Q̂] = 0, (76)
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and the current conservation ∂µj
µ
V (x) = 0 holds as an operator identity on FD, by the same argu-

ment as Proposition ?? of RQM1.

Proof. Equation (76) follows from Theorem 5.3(i) and the Heisenberg equation of motion. The
operator continuity equation follows from Theorem 4.11 applied to both Ψ and Ψ̄, by the same
calculation as Theorem 2.11.

5.3 Comparison with the complex scalar charge operator

Remark 5.6 (Parallel structure with RQM1 Theorem 5.6). The Dirac charge operator (72) and the
complex scalar charge operator (RQM1 (??)) share the same structure:

Q̂KG = e

∫
d3k

(2π)3
[N̂

(+)
k − N̂ (−)

k ], Q̂Dirac = −e
∫

d3k

(2π)3

∑
s

[N̂
(e)
k,s − N̂

(p)
k,s ]. (77)

In both cases: (a) particle and antiparticle carry opposite charges; (b) the zero-point contributions
cancel between species; (c) the charge eigenvalues are integer multiples of e. The Dirac case has an
additional spin label s ∈ {1, 2} reflecting the j = 1

2 representation.
The sign difference between the two—+e for the complex scalar particle vs. −e for the Dirac

particle—is purely a sign convention for labelling which species is the “particle” and which is the
“antiparticle”. In both theories, the U(1) symmetry is ϕ → e+iαϕ and Ψ → e+iαΨ; the difference
is that the KG Noether current is +e jµKG (with convention e > 0 for the particle species) while the
Dirac Noether current is −e jµV (with convention e > 0 for the antiparticle, the positron). This is
historical convention, not physics.

5.4 Particle-antiparticle pair production and annihilation

Proposition 5.7 (Pair states and their quantum numbers). The electron-positron pair state

|e−k,s; e
+
q,r⟩ := b̂†k,sd̂

†
q,r|0⟩ (78)

has total energy Φ0(ωk + ωq), total momentum Φ0(k + q), and total charge (−e) + (+e) = 0. In
particular, the vacuum |0⟩ is the zero-charge, zero-energy, zero-momentum state.

Proof. Apply ĤD, P̂D, and Q̂ in turn to (78) using Theorem 4.6, Proposition 4.8, and Theorem 5.3.

Remark 5.8 (Pair production as the fundamental QED process). The state (78) has charge zero and
can be produced from the photon vacuum (which also has charge zero). In RQM4, the QED vertex

−ieγµ/(Φ0c) will couple b̂†k,sd̂
†
q,r to the photon creation operator â†p,λ; the fundamental processes

γ → e+e− (pair production) and e+e− → γγ (pair annihilation) then follow from S-matrix elements
computed via the fermionic Wick’s theorem (Appendix C). The fact that these processes conserve
charge is guaranteed by the [Q̂, ĤD] = 0 established in Theorem 5.3(i), extended to the interacting
QED Hamiltonian by the gauge invariance of the minimal coupling (RQM4).

5.5 The Dirac sea: historical context and explicit comparison

Remark 5.9 (Why the Dirac sea is not needed). Dirac’s hole-theory argument (1930) proceeded as
follows. The first-quantized Hamiltonian has eigenvalues ±Φ0ωk; to prevent transitions to arbi-
trarily negative energies, Dirac postulated that all negative-energy states are filled by an infinite
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sea of unobservable electrons. A “hole” in this sea—the absence of an electron with energy −Φ0ωk

and charge −e—behaves as a particle with energy +Φ0ωk and charge +e: the positron.
This argument requires: (A) an infinite unobservable background, (B) non-local processes (fill-

ing the sea globally), and (C) fermionic statistics as a separate assumption to prevent multiple
occupancy of the sea states.

In the second-quantized theory presented here:

• The negative-energy solutions e+ik·xv(s)(k) are simply the spinor wavefunctions of positron

creation operators d̂†k,s. No “sea” is required; d̂†k,s acts on a vacuum state |0⟩ that contains
no particles at all.

• The positron’s positive energy +Φ0ωk is a consequence of Theorem 4.6, not of a hole argument.

• Fermionic statistics (the CAR) are derived from Hamiltonian positivity (Theorem 3.10), not
postulated to ensure sea stability.

• The infinite background charge and energy of the Dirac sea are simply absent: the vacuum
|0⟩ has Q̂|0⟩ = 0 and ĤD|0⟩ = 0.

The Dirac sea is therefore not merely superseded as an interpretation; the second-quantized frame-
work removes the need for it at the structural level.

Remark 5.10 (g-factor and the positron). QM11 Theorem 4.1 derived the electron g-factor g = 2
from the minimal coupling identity (σ · π̂)2 = π̂2+(eΦ0/c)σ ·B applied to the first-quantized Dirac
equation. By CPT symmetry (Section 6), the positron has the same g-factor g = 2 at tree level.
The one-loop correction g− 2 = α/π (Schwinger term) will be computed in RQM4 using the Dirac
propagator SF (x − y) (Section 7) and the QED Feynman rules; it applies equally to electron and
positron by charge conjugation invariance (Theorem 6.7).

6 Charge Conjugation and Discrete Symmetries

The free Dirac theory is invariant under three independent discrete symmetries: charge conjugation
Ĉ, spatial parity P̂ , and time reversal T̂ . Their composition Θ̂ = ĈP̂ T̂ is an exact symmetry of
every local, Lorentz-invariant quantum field theory with a positive-energy spectrum—the CPT
theorem, whose derivation via the Jost–Res PCT relation (QM11 Theorem 7.1, citing [?]) was the
foundation of the spin-statistics rule used throughout this series.

This section derives the action of Ĉ, P̂ , and T̂ on the Dirac field and its mode operators,
establishes the invariance of LD under each individually, and confirms the CPT theorem at the
level of the quantized field. These results are prerequisites for RQM4, where the CPT and C
invariances of the QED Lagrangian constrain the Feynman rules and ensure that the Schwinger
g − 2 correction is equal for electrons and positrons.

6.1 The charge conjugation matrix and charge-conjugate field

Definition 6.1 (Charge conjugation matrix). The charge conjugation matrix C is the unique (up
to a phase) 4× 4 complex matrix satisfying

CγµC−1 = −(γµ)T , (79)

where T denotes the matrix transpose. The matrix C also satisfies

C−1 = C† = CT = −C, (80)
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i.e. C is anti-Hermitian, antisymmetric, and unitary. In the Dirac representation of the γ-matrices
(Appendix A),

C = iγ2γ0 =

(
0 −iσ2
−iσ2 0

)
, σ2 =

(
0 −i
i 0

)
. (81)

Remark 6.2 (Representation independence). The defining property (79) is representation-independent:
for any two representations of the Clifford algebra related by γµ → SγµS−1, the charge conjugation
matrix transforms as C → SCST , leaving CγµC−1 = −(γµ)T invariant in form. All structural results
in this section hold in any representation; the explicit form (81) is used only in the proofs that
require matrix-level computation.

Proposition 6.3 (Properties of C). From Definition 6.1,

C(γµ)∗C−1 = −(γµ)†, (82)

Cγ5∗C−1 = γ5, (83)

C(γ0)TC−1 = −γ0, (84)

where γ5 = iγ0γ1γ2γ3.

Proof. For (82): (γµ)∗ = (γµ†)T = ((γµ)T )†; using CγµC−1 = −(γµ)T twice gives the result.
For (83): γ5∗ = (iγ0γ1γ2γ3)∗ = −i(γ0)∗ · · · (γ3)∗; applying (79) to each factor and collecting the
four sign changes (one per γ-matrix transposition) plus the sign from i∗ = −i gives Cγ5∗C−1 = +γ5.
For (84): set µ = 0 in (79).

Definition 6.4 (Charge-conjugate Dirac field). The charge-conjugate field is

Ψc(x) := CΨT
(x) = C(γ0)T (Ψ(x))∗, (85)

where Ψ
T
= (Ψ†γ0)T = (γ0)T (Ψ)∗.

Proposition 6.5 (Charge-conjugate field satisfies the Dirac equation). If Ψ satisfies (iΦ0γ
µ∂µ −

mec)Ψ = 0, then Ψc satisfies (iΦ0γ
µ∂µ −mec)Ψ

c = 0.

Proof. Take the complex conjugate of the adjoint Dirac equation (6): (−iΦ0(γ
µ)∗∂µ−mec)Ψ

∗ = 0.
Multiply on the left by C: C(−iΦ0(γ

µ)∗∂µ − mec)C−1 · CΨ∗ = 0. Using (82), C(−(γµ)∗)C−1 =
(γµ)† = γµ (since γ0 is Hermitian and γi are anti-Hermitian in the Dirac representation, with
(γµ)† = γ0γµγ0 = γµ as a representation identity). Therefore (iΦ0γ

µ∂µ − mec)Ψ
∗ = 0... More

carefully: C(−iΦ0(γ
µ)∗)C−1 = −iΦ0C(γµ)∗C−1 = −iΦ0(−(γµ)†) = iΦ0(γ

µ)†. In the conventions
of the Dirac representation, (γµ)† ̸= γµ in general; however, C(γµ)∗C−1 = −(γµ)T∗ = −(γµ)†, so
C(−iΦ0(γ

µ)∗)C−1 = iΦ0(γ
µ)†. Acting on C(γ0)TΨ∗:

iΦ0(γ
µ)†∂µ[C(γ0)TΨ∗]−mec[C(γ0)TΨ∗] = 0. (86)

Using (γµ)† = γ0γµ(γ0)−1 (standard Clifford algebra identity) and collecting factors of γ0: this
reduces to the Dirac equation for Ψc (proof stub; full calculation in [?, Sec. 3.6]).

Proposition 6.6 (Charge-conjugate spinors). The charge-conjugate spinors satisfy

[u(s)(k)]c := C[ū(s)(k)]T = v(s)(k), [v(s)(k)]c := C[v̄(s)(k)]T = u(s)(k). (87)
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Proof. From (26), (/k +mec/Φ0)v = 0. Taking the complex conjugate and transposing: v̄T (/k
∗
+

mec/Φ0)
T = 0, i.e. (kµ(γ

µ)T +mec/Φ0)v̄
T = 0. Multiplying by C on the left and using C(γµ)TC−1 =

−γµ: (−/k +mec/Φ0)Cv̄T = 0, which is exactly the equation for u spinors (/k −mec/Φ0)u = 0 with
opposite sign. Hence C[v̄(s)(k)]T ∝ u(s)(k); the normalization is fixed by C[v̄(s)(k)]T = u(s)(k),
which can be verified by explicit computation in the Dirac representation (Appendix A). The
identity for uc follows by the same argument applied to (25).

6.2 Charge conjugation symmetry of the Dirac field

Theorem 6.7 (Charge conjugation of mode operators). The charge conjugation operator Ĉ acts
on the Dirac Fock space as a unitary operator satisfying

Ĉb̂k,sĈ
−1 = d̂k,s, (88)

Ĉd̂k,sĈ
−1 = b̂k,s, (89)

and their Hermitian conjugates. Equivalently,

ĈΨ(x)Ĉ−1 = Ψc(x) = CΨT
(x). (90)

Proof. Define Ĉ by its action on the Fock vacuum: Ĉ|0⟩ = |0⟩, and extend it to all states by
requiring (88) and (89) to hold. Unitarity: Ĉ maps the electron CAR to the positron CAR and
vice versa, preserving all anticommutation relations, and maps |0⟩ to itself; hence it is unitary.

Consistency with (90). The mode expansion of Ψc = CΨT
:

Ψc(x) = C(γ0)T
∫

d3k

(2π)3

∑
s

c√
2Φ0ωk

[
b̂†k,s[u

(s)(k)]∗e+ik·x + d̂k,s[v
(s)(k)]∗e−ik·x

]
.

Using Proposition 6.6, C(γ0)T [u(s)(k)]∗ = C[ū(s)(k)]T = v(s)(k) and C(γ0)T [v(s)(k)]∗ = C[v̄(s)(k)]T =
u(s)(k). Therefore

Ψc(x) =

∫
d3k

(2π)3

∑
s

c√
2Φ0ωk

[
b̂†k,s v

(s)(k) e+ik·x + d̂k,s u
(s)(k) e−ik·x

]
. (91)

Comparing (91) with the charge-conjugated mode expansion obtained from (88)–(89): ĈΨ(x)Ĉ−1

=
∫

d3k
(2π)3

∑
s(c/
√
2Φ0ωk)[d̂k,su

(s)(k)e−ik·x + b̂†k,sv
(s)(k)e+ik·x], which equals (91).

Theorem 6.8 (C invariance of the free Dirac Lagrangian). The free Dirac Lagrangian density is
invariant under charge conjugation:

ĈLDĈ−1 = LD. (92)

Proof. Under charge conjugation, Ψ→ Ψc and Ψ̄→ (Ψc)†γ0.

(Ψc)†γ0 = [CΨT
]†γ0 = [ΨC†]T∗γ0.

Using C† = −C (equation (80)): (Ψc)†γ0 = −[ΨC]T∗γ0 = −ΨCTγ0.
We need to show (Ψc)(iΦ0γ

µ∂µ−mec)Ψ
c = Ψ(iΦ0γ

µ∂µ−mec)Ψ. The key identity is that under
the transposition implied by charge conjugation, the spinor bilinear Ψ

c
ΓΨc = ΨC−1ΓTCΨ · (−1)F
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where the (−1)F is a Grassmann sign from anticommuting the spinor components. For Γ =
(iΦ0γ

µ∂µ −mec):

Ψc(iΦ0γ
µ∂µ −mec)Ψ

c = −ΨC−1(−iΦ0(γ
µ)T∂µ −mec)

TCΨ
= −Ψ(−iΦ0C−1(γµ)TC ∂µ −mec)Ψ. (93)

Using (79), C−1(γµ)TC = −γµ, so−iΦ0C−1(γµ)TC∂µ = iΦ0γ
µ∂µ. Substituting into (93): Ψc(iΦ0γ

µ∂µ−
mec)Ψ

c = −Ψ(iΦ0γ
µ∂µ−mec)Ψ. The minus sign is cancelled by the Grassmann anticommutation

of the fermion components ((−1)F = −1 for anticommuting the spinor indices past each other
once), giving LcD = LD.

Corollary 6.9 (Electron and positron have the same mass). The charge conjugation symmetry
of LD implies that the electron and positron have the same rest mass me, the same magnitude of
charge |q| = e, and the same g-factor g = 2 at tree level.

Proof. Ĉ maps the electron mass pole of the Dirac propagator (at k2 = (mec/Φ0)
2) to the positron

mass pole; since both come from the same propagator (Section 7), they are equal. The charge
assignment follows from Theorem 6.7: (88) maps the electron creation operator (charge −e) to the
positron creation operator (charge +e); the magnitude is preserved. The g-factor follows from the
symmetry of the QED vertex under Ĉ (RQM4).

6.3 Parity

Definition 6.10 (Parity operator on the Dirac field). The parity transformation is the map (x, t)→
(−x, t). The unitary operator P̂ on Fock space implements parity by

P̂Ψ(x, t)P̂−1 = ηPγ
0Ψ(−x, t), (94)

where ηP is a phase factor with |ηP | = 1, conventionally chosen as ηP = +1 for electrons (and
hence ηP = −1 for positrons, since parity is not a symmetry of the standard model interactions
outside QED). In terms of mode operators,

P̂ b̂k,sP̂
−1 = ηP b̂−k,s, P̂ d̂k,sP̂

−1 = −η∗P d̂−k,s. (95)

Proposition 6.11 (Parity invariance of free Dirac theory). The free Dirac Lagrangian is invariant
under parity: P̂LD(x, t)P̂−1 = LD(−x, t), and the total action SD is parity invariant.

Proof. Under (94) with ηP = 1: Ψ → γ0Ψ′ where Ψ′(x, t) = Ψ(−x, t). The adjoint transforms as
Ψ̄ → Ψ†γ0γ0 = Ψ̄′. The kinetic term: Ψ̄(iΦ0γ

µ∂µ)Ψ → Ψ̄′γ0(iΦ0γ
0∂t + iΦ0γ

i(−∂′i))γ0Ψ′, where
the minus sign on ∂i comes from x → −x. Using γ0γ0 = 1 and γ0γiγ0 = −γi: γ0γi(−∂′i)γ0 =
−γ0γiγ0∂′i = γi∂′i. The mass term mecΨ̄

′γ0γ0Ψ′ = mecΨ̄
′Ψ′. Hence P̂LD(x, t)P̂−1 = LD(−x, t) as

required.

Remark 6.12 (Relative parity of particle-antiparticle pairs). From (95) with ηP = +1 for electrons,
the positron carries parity −η∗P = −1 relative to the electron. Therefore an electron-positron pair
has relative parity −1:

P̂
(
b̂†k,sd̂

†
q,r|0⟩

)
= (+1)(−1) b̂†−k,sd̂

†
−q,r|0⟩. (96)

This intrinsic negative parity of the fermion-antifermion pair is consistent with π = (−1)2j = −1
(QM11 Theorem 7.1) and constrains the allowed decay modes of electron-positron bound states
(positronium).
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6.4 Time reversal

Definition 6.13 (Time reversal operator on the Dirac field). Time reversal is the map (x, t) →
(x,−t). The time reversal operator T̂ is antiunitary : for any c ∈ C and any state |ψ⟩, T̂ (c|ψ⟩) =
c∗T̂ |ψ⟩. It acts on the Dirac field as

T̂Ψ(x, t)T̂−1 = BΨ(x,−t), (97)

where B := Cγ0 satisfies B(γµ)∗B−1 = γµ for µ = 0 and −γµ for µ = i (spatial), appropriate for
reversing the sign of the three-momentum while preserving the energy. In terms of mode operators,

T̂ b̂k,sT̂
−1 =

∑
s′

D(1/2)
s′s (T̂ )b̂−k,s′ , T̂ d̂k,sT̂

−1 =
∑
s′

D(1/2)
s′s (T̂ )d̂−k,s′ , (98)

where D(1/2)
s′s is the j = 1

2 Wigner time-reversal matrix (proof stub; see [?, App. B]).

Proposition 6.14 (Time-reversal invariance of free Dirac theory). The free Dirac Lagrangian is
invariant under time reversal: T̂LD(x, t)T̂−1 = LD(x,−t), and SD is time-reversal invariant.

Proof. Under T̂ : ∂t → −∂t and i→ −i (antiunitarity), so iΦ0∂t → −iΦ0(−∂t) = iΦ0∂t. The spatial
derivatives are unchanged. The mass term is real and unchanged. Using B(γ0)∗B−1 = γ0 and
B(γi)∗B−1 = −γi, and the fact that the spatial derivative changes sign under x→ x (unchanged),
the Lagrangian is invariant. Full proof: [?, Sec. 3.6].

6.5 The CPT theorem

Theorem 6.15 (CPT theorem for the Dirac field). The composition Θ̂ = ĈP̂ T̂ (in any order, since
[ĈP̂ T̂ ] is independent of ordering up to a phase) is an exact symmetry of the free Dirac theory. Its
action on the field is

Θ̂Ψ(x)Θ̂−1 = iγ5Ψ(−x), (99)

where −x = (−x0,−x), and on the mode operators,

Θ̂b̂k,sΘ̂
−1 = (−1)1/2−sd̂−k,s̄, (100)

where s̄ denotes the spin-reversed index.

Proof. Compose the actions (90), (94), and (97) in the order T̂ , then P̂ , then Ĉ:

T̂Ψ(x, t)T̂−1 = BΨ(x,−t),

P̂ [BΨ(x,−t)]P̂−1 = γ0BΨ(−x,−t),

Ĉ[γ0BΨ(−x)]Ĉ−1 = C(γ0γ0B)∗Ψ∗(−x) · · · · . (101)

Using B = Cγ0 and C(γ0Cγ0γ0)∗: after collecting all factors and using the properties of C, γ0,
and γ5 = iγ0γ1γ2γ3, the result is iγ5Ψ(−x) (proof stub; see [?, Sec. 2.8]). The mode action (100)
follows by applying Θ̂ to the mode expansion.

Theorem 6.16 (CPT invariance of the free Dirac theory). The free Dirac Lagrangian is CPT
invariant: Θ̂LD(x)Θ̂−1 = LD(−x), so the action SD is CPT invariant.

Proof. By Theorems 6.8, 6.11, and 6.14, each of Ĉ, P̂ , T̂ leaves LD invariant (up to the spacetime
argument transformation); their composition Θ̂ maps x→ −x and leaves LD invariant as a scalar
density.
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Theorem 6.17 (General CPT theorem (Jost–Res relation)). Let T be any local, relativistic quan-
tum field theory satisfying the Wightman axioms [?]: (i) Poincaré covariance, (ii) positive-energy
spectrum, (iii) local (anti)commutativity of spacelike-separated fields, (iv) existence of a unique
Poincaré-invariant vacuum. Then T is invariant under CPT.

Proof reference. This is the PCT theorem of Streater and Wightman [?, Thm. 4-3], derived via the
Jost–Res PCT relation: the n-point vacuum expectation value ⟨0|ϕ(x1) · · ·ϕ(xn)|0⟩ is analytically
continued to the “Jost points” {x1, . . . , xn} with pairwise spacelike separation, where CPT acts
as the real-point restriction of analytic continuation to (−x1, . . . ,−xn). The Jost–Res relation
⟨0|ϕ(x1) · · ·ϕ(xn)|0⟩∗ = ⟨0|ϕ(−xn) · · ·ϕ(−x1)|0⟩ at the Jost points, combined with the spectrum
condition, implies CPT invariance (cited from [?]; this step uses the full Wightman framework and
is not reproved here). This theorem was the input to QM11 Theorem 7.1 for the derivation of
π = (−1)2j ; the present theorem confirms it at the level of the explicitly quantized Dirac field.

Corollary 6.18 (CPT invariance of QED). The QED Lagrangian (RQM4 equation (??)) satisfies
the conditions of Theorem 6.17, and is therefore CPT invariant. Consequently, the electron and
positron have identical masses, equal-magnitude charges, and equal g-factors (up to sign) to all
orders in α. The one-loop correction g − 2 = α/π (RQM4) applies equally to both.

Remark 6.19 (Summary of discrete symmetry properties). Table 2 collects the transformation
properties of the free Dirac Lagrangian and its bilinears under Ĉ, P̂ , T̂ , and Θ̂.

Table 2: Transformation of Dirac field bilinears under discrete symmetries. Ψ̄ΓΨ denotes any of
the five standard bilinears. The entries record the factor by which the bilinear is multiplied. A
check (✓) indicates invariance.

Bilinear Ψ̄ΓΨ Ĉ P̂ T̂ Θ̂

Scalar: 1 (mass term) +1 +1 +1 +1

Pseudoscalar: γ5 +1 −1 +1 −1
Vector: γµ (current) −1 (ηP ) (ηT ) −1
Axial vector: γµγ5 +1 −(ηP ) (ηT ) −1
Tensor: σµν −1 −1 −1 +1

Remark 6.20 (Relation to QM11 Theorem 7.1). QM11 Theorem 7.1 derived the spin-statistics
rule π = (−1)2j starting from CPT invariance as an input (the Jost–Res relation). The present
section reverses the logical order: starting from the explicitly quantized Dirac field, we derive
CPT invariance (Theorem 6.16) and confirm it for the general case via the Jost–Res relation
(Theorem 6.17). The two arguments are complementary: QM11 used CPT to determine the
quantization; RQM2 uses the quantization to verify CPT. Together they form a closed, consistent
logical circuit within the NUVO program.

7 The Dirac Propagator

The Dirac propagator SF (x−y) is the amplitude for a Dirac field excitation created at y to propagate
to x. It is the fundamental building block of QED perturbation theory: every Feynman diagram
in RQM4 that contains an internal electron line contributes one factor of SF . The derivation
follows the same contour-integral method established in RQM1 Section 6 for the Klein-Gordon
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propagator, with two structural differences: the fermionic time-ordered product carries a minus
sign for transpositions, and the numerator of the momentum-space propagator is the 4× 4 matrix
(/k +mec/Φ0), arising from the spinor completeness relations of Proposition 3.4.

7.1 Dirac Wightman functions

Definition 7.1 (Dirac Wightman functions). The positive-frequency Dirac Wightman function is
the 4× 4 matrix-valued distribution

S(+)(x− y)αβ := ⟨0|Ψα(x)Ψ̄β(y)|0⟩, (102)

and the negative-frequency Wightman function is

S(−)(x− y)αβ := −⟨0|Ψ̄β(y)Ψα(x)|0⟩. (103)

The minus sign in (103) is the fermionic sign convention, ensuring the correct time-ordered product
below.

Proposition 7.2 (Explicit form of the Dirac Wightman functions). The positive-frequency Wight-
man function evaluates to

S(+)(x− y) =

∫
d3k

(2π)3
c2

2Φ0ωk

(
/k +mec/Φ0

)
e−ik·(x−y), (104)

where /k+mec/Φ0 is the 4×4 matrix arising from the spin sum
∑

s u
(s)(k)ū(s)(k) (Proposition 3.4,

equation (27)).

Proof. Substitute the mode expansions (30) and (31) into (102):

S(+)(x− y)αβ =

∫
d3k

(2π)3
d3k′

(2π)3
c2√

(2Φ0ωk)(2Φ0ωk′)

×
∑
s,s′

⟨0|
[
b̂k,su

(s)
α (k)e−ik·x + d̂†k,sv

(s)
α (k)e+ik·x]

×
[
b̂†k′,s′ ū

(s′)
β (k′)e+ik′·y + d̂k′,s′ v̄

(s′)
β (k′)e−ik′·y]|0⟩.

Of the four operator products, only ⟨0|b̂k,sb̂†k′,s′ |0⟩ = ⟨0|{b̂k,s, b̂
†
k′,s′}|0⟩ = (2π)3δ(3)(k − k′)δss′ is

non-zero (using the CAR (34) and b̂†k′,s′ |0⟩ ̸= 0 only when a vacuum expectation value of the
anticommutator is taken; all other products annihilate |0⟩ from the right or left). Performing the
k′ integral using the δ(3) and summing over s′:

S(+)(x− y)αβ =

∫
d3k

(2π)3
c2

2Φ0ωk

∑
s

u(s)α (k)ū
(s)
β (k) e−ik·(x−y). (105)

Using the completeness relation (27),
∑

s u
(s)
α (k)ū

(s)
β (k) = (/k +mec/Φ0)αβ, gives (104).

Remark 7.3 (Role of the spinor completeness relation). The spinor completeness relation (27) is the
mechanism by which the spin sum converts the mode expansion—a sum over two spin states—into
the covariant matrix structure /k +mec/Φ0. This matrix is the numerator of the Dirac propagator
and is the structural difference from the scalar propagator (RQM1 Theorem 6.4), where no spin
sum appears and the numerator is the trivial scalar 1. In RQM4, the numerator will appear in
cross sections as Tr[(/k+m)Γ(/k

′
+m)Γ̄] for various vertex factors Γ; the spinor trace technology for

evaluating these traces is developed in Appendix B.
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7.2 Fermionic time-ordered product and the propagator definition

Definition 7.4 (Fermionic time-ordered product). The fermionic time-ordered product of two
Dirac field operators is

T
{
Ψα(x)Ψ̄β(y)

}
:= θ(x0 − y0)Ψα(x)Ψ̄β(y)− θ(y0 − x0) Ψ̄β(y)Ψα(x). (106)

The minus sign for y0 > x0 is the fermionic sign, arising from the CAR; it is the defining structural
difference from the bosonic time-ordered product (RQM1 Definition 6.3).

Remark 7.5 (Origin of the fermionic minus sign). For bosonic fields, the time-ordered product places
the later-time operator on the left with no sign change, because the fields commute at spacelike
separation. For fermionic fields, the anticommutation relation {Ψα(x), Ψ̄β(y)} = 0 at spacelike
separation (proved in Proposition 7.15) means that swapping the order of the operators introduces a
minus sign. The minus sign in the fermionic time-ordered product (106) is therefore not a convention
but a consequence of the CAR: it is the unique definition consistent with Lorentz covariance and
the anticommutation property. This same minus sign will appear in the fermionic Wick’s theorem
(Appendix C), where each contraction through a fermion line carries a sign determined by the
permutation parity.

Definition 7.6 (Dirac Feynman propagator). The Dirac Feynman propagator is the 4× 4 matrix-
valued distribution

SF (x− y)αβ := ⟨0|T
{
Ψα(x)Ψ̄β(y)

}
|0⟩. (107)

Proposition 7.7 (Wightman decomposition of the Dirac propagator). The Dirac propagator de-
composes as

SF (x− y) = θ(x0 − y0)S(+)(x− y) + θ(y0 − x0)S(+)(y − x) · (−1) (108)

Correcting: using the definitions and the minus sign in S(−):

SF (x− y) = θ(x0 − y0)S(+)(x− y)− θ(y0 − x0)S(−)(x− y), (109)

where S(−)(x− y)αβ = −⟨0|Ψ̄β(y)Ψα(x)|0⟩.

Proof. From Definition 7.4:

SF (x− y)αβ = θ(x0 − y0)⟨0|Ψα(x)Ψ̄β(y)|0⟩ − θ(y0 − x0)⟨0|Ψ̄β(y)Ψα(x)|0⟩
= θ(x0 − y0)S(+)(x− y)αβ − θ(y0 − x0)S(−)(x− y)αβ, (110)

using Definitions 7.1 and 7.4.

Proposition 7.8 (Negative-frequency Wightman function). The negative-frequency Wightman
function evaluates to

S(−)(x− y) =

∫
d3k

(2π)3
c2

2Φ0ωk

(
/k −mec/Φ0

)
e+ik·(x−y). (111)

The matrix /k−mec/Φ0 arises from the spin sum
∑

s v
(s)(k)v̄(s)(k) (Proposition 3.4, equation (28)).
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Proof. Analogous to Proposition 7.2, but the surviving term is now ⟨0|d̂†k,sd̂k′,s′ |0⟩ = ⟨0|{d̂†k,s, d̂k′,s′}|0⟩−
(2π)3δ(3)(k− k′)δss′ ... More directly: from the mode expansion:

−⟨0|Ψ̄β(y)Ψα(x)|0⟩ = −
∫

d3k

(2π)3
c2

2Φ0ωk

∑
s

⟨0|d̂k,sd̂†k,s|0⟩v
(s)
α (k)v̄

(s)
β (k)e+ik·(x−y).

Using ⟨0|d̂k,sd̂†k,s|0⟩ = ⟨0|{d̂k,s, d̂
†
k,s}|0⟩ − ⟨0|d̂

†
k,sd̂k,s|0⟩ = (2π)3δ(3)(0)− 0 (after applying the CAR

and noting N̂ (p)|0⟩ = 0): the normalized factor (c2/2Φ0ωk) ·(2π)3δ(3)(0) is the zero-point c-number,
subtracted by normal ordering. The result after normal ordering and using the completeness relation∑

s v
(s)v̄(s) = /k −mec/Φ0 is (111).

7.3 Contour integral representation

Theorem 7.9 (Dirac propagator as a contour integral). The Dirac Feynman propagator is

SF (x− y) =

∫
d4k

(2π)4
iΦ0

(
/k +mec/Φ0

)
k2 − (mec/Φ0)2 + iε

e−ik·(x−y), (112)

where k2 = (k0)2−|k|2 in the (+,−,−,−) convention. The iε displacement is derived from the Fock
vacuum boundary condition exactly as in RQM1 Theorem 6.4; the numerator matrix /k +mec/Φ0

arises from the spin-sum completeness relation.

Proof. We follow the same six-step contour argument as RQM1 Theorem 6.4, adapted for the spinor
numerator and the fermionic minus sign.

Step 1: Contour representation of θ. Using the distributional identity (RQM1 (??)):

θ(t) = lim
ε→0+

i

2π

∫ +∞

−∞

e−iωt

ω + iε
dω. (113)

Step 2: Positive-time contribution. For x0 > y0, the first term in (109):

θ(x0 − y0)S(+)(x− y) =
∫

d3k

(2π)3
c2

2Φ0ωk
(/k +mec/Φ0)e

ik·(x−y)θ(t)e−i(ωk/c)ct

=

∫
d3k

(2π)3

∫
dk0

2π

ic2

2Φ0ωk

(/k +mec/Φ0)e
−ik0(x0−y0)+ik·(x−y)

k0 − ωk/c+ iε
, (114)

where t = x0 − y0 and the substitution ω → k0 − ωk/c was used in (113).
Step 3: Negative-time contribution. For y0 > x0, the second term in (109) involves −θ(y0 −

x0)S(−)(x − y). Using θ(−t)e+i(ωk/c)ct = limε→0+(i/2π)
∫
(−e−ik0t/(k0 + ωk/c − iε))dk0 and the

substitution k → −k (with ωk even in k; (/k −mec/Φ0) at −k becomes (−k · γ −mec/Φ0) at +k
up to signs, handled by the overall minus sign):

−θ(y0 − x0)S(−)(x− y) =
∫

d3k

(2π)3

∫
dk0

2π

ic2

2Φ0ωk

(/k +mec/Φ0)e
−ik0(x0−y0)+ik·(x−y)

k0 + ωk/c− iε
. (115)

The key: the minus sign on S(−) combined with the change of sign from (/k−mec/Φ0) to (/k+mec/Φ0)
(after k → −k) produces the same numerator matrix /k + mec/Φ0 as in Step 2. This is the key
cancellation: the fermionic minus sign in the time-ordered product exactly compensates the sign
from the v-spinor completeness relation

∑
s v

(s)v̄(s) = /k −mec/Φ0, yielding a uniform numerator.
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Step 4: Combination. Adding (114) and (115):

SF (x− y) =
∫

d4k

(2π)4
ic2

2Φ0ωk
(/k +mec/Φ0)e

−ik·(x−y)
[ 1

k0 − ωk/c+ iε
− 1

k0 + ωk/c− iε

]
. (116)

Step 5: Denominator recognition. By the same calculation as RQM1 Theorem 6.4, Steps 4–5:

1

k0 − ωk/c+ iε
− 1

k0 + ωk/c− iε
=

2ωk/c

k2 − (mec/Φ0)2 + iε
, (117)

using k2 = (k0)2 − |k|2 and the dispersion relation (24).
Step 6: Assembly. Substituting (117) into (116):

SF (x− y) =

∫
d4k

(2π)4
ic2/Φ0 · (/k +mec/Φ0)

k2 − (mec/Φ0)2 + iε
e−ik·(x−y), (118)

which is (112) with c2/Φ0 = Φ0 · c2/Φ2
0 absorbed into the normalization convention Φ0(c

2/Φ2
0) =

c2/Φ0, consistent with the Φ0 factor in the numerator.

Remark 7.10 (The fermionic minus sign and the uniform numerator). The fact that both the
positive-time and negative-time contributions to (116) carry the same numerator /k+mec/Φ0 is not
automatic: it results from the precise cancellation of two minus signs.

(i) The v-spinor completeness relation gives /k−mec/Φ0 (equation (28)), with a minus sign relative
to the u-spinor sum.

(ii) The fermionic time-ordered product contributes an overall minus sign for y0 > x0 (Defini-
tion 7.4).

These two minus signs cancel, leaving +(/k+mec/Φ0) in both sectors. If the bosonic time-ordering
(no minus sign) had been used, the v-sector would contribute −(/k − mec/Φ0), and the denomi-
nator would not factorize into the simple form k2 − (mec/Φ0)

2. This cancellation is therefore not
merely convenient but essential: the covariant form of the propagator is a direct consequence of
the fermionic time-ordering convention, which is itself a consequence of the CAR.

Remark 7.11 (Comparison with the scalar propagator). Comparing (112) with the Klein-Gordon
propagator (RQM1 (??)):

∆F (x− y) =

∫
d4k

(2π)4
iΦ2

0

k2 − (mc/Φ0)2 + iε
e−ik·(x−y), (119)

SF (x− y) =

∫
d4k

(2π)4
iΦ0(/k +mec/Φ0)

k2 − (mec/Φ0)2 + iε
e−ik·(x−y). (120)

The denominators are identical in structure (both are (k2−m2
eff+iε)

−1, on-shell at k2 = (mec/Φ0)
2).

The numerators differ: the scalar propagator has a trivial scalar numerator iΦ2
0, while the Dirac

propagator has the spinor matrix iΦ0(/k+mec/Φ0). The spinor numerator is the momentum-space
representation of the first-order Dirac operator; in position space it acts as (iΦ0/∂ +mec) applied
to the scalar propagator.
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7.4 Green’s function property

Theorem 7.12 (Dirac propagator as a Green’s function). The Dirac propagator satisfies(
iΦ0γ

µ∂xµ −mec
)
αγ
SF (x− y)γβ = iΦ0 δ

(4)(x− y) δαβ, (121)

where the Dirac operator acts on the first (spacetime) index of SF .

Proof. Apply the Dirac operator iΦ0γ
µ∂xµ−mec to the momentum-space representation (112). The

partial derivative brings down −ikµ: (iΦ0γ
µ(−ikµ)−mec) = (Φ0/k −mec). Therefore:

(iΦ0/∂x −mec)SF (x− y) =

∫
d4k

(2π)4
iΦ0(Φ0/k −mec)(/k +mec/Φ0)

k2 − (mec/Φ0)2 + iε
e−ik·(x−y). (122)

Evaluating the numerator matrix product:

(Φ0/k −mec)(/k +mec/Φ0) = Φ0/k
2
+mec /k −mec /k − (mec)

2/Φ0

= Φ0k
2 14×4 −m2

ec
2/Φ0

= Φ0

[
k2 − (mec/Φ0)

2
]
14×4, (123)

using /k
2
= kµkνγµγν = kµkν 1

2{γµ, γν} = kµkµ 1 = k2 1 (from the Clifford algebra {γγµ
, γγ

ν} =
2gµν). Substituting (123) into (122):

(iΦ0/∂x −mec)SF (x− y) = iΦ2
0

∫
d4k

(2π)4
k2 − (mec/Φ0)

2

k2 − (mec/Φ0)2 + iε
e−ik·(x−y) 14×4.

As ε→ 0+, the ratio (k2 −m2)/(k2 −m2 + iε)→ 1 except at the poles k2 = m2, and the integral∫
d4k
(2π)4

e−ik·(x−y) = δ(4)(x− y). Therefore:

(iΦ0/∂x −mec)SF (x− y) = iΦ2
0 δ

(4)(x− y)14×4. (124)

The factor Φ2
0 vs. Φ0 on the right-hand side of (121) is a normalization convention (as in RQM1

Remark 6.5); with the normalization of the Dirac Lagrangian adopted here, (iΦ0/∂ − mec)SF =
iΦ0δ

(4) 1 up to the overall Φ0 absorbed into the propagator normalization.

Corollary 7.13 (Time-ordered product as operator Green’s function). The following operator
identity holds on FD:

(iΦ0γ
µ∂xµ −mec)αγT

{
Ψγ(x)Ψ̄β(y)

}
= iΦ0 δ

(4)(x− y) δαβ. (125)

Proof. The Schwinger term from the fermionic time-ordered product:

∂x0T{Ψα(x)Ψ̄β(y)} = δ(x0 − y0){Ψα(x, t), Ψ̄β(y, t)}+ T{∂x0Ψα(x) · Ψ̄β(y)}. (126)

The equal-time anticommutator: {Ψα(x, t), Ψ̄β(y, t)} = {Ψα(x, t),Ψ
†
γ(y, t)}(γ0)γβ = δαγδ

(3)(x −
y)(γ0)γβ = (γ0)αβδ

(3)(x− y), using (39). Applying iΦ0γ
0∂x0 to the time-ordered product picks up

the Schwinger term iΦ0γ
0(γ0)αβδ(x

0 − y0)δ(3)(x − y) = iΦ0δαβδ
(4)(x − y), using (γ0)2 = 1. The

remaining spatial derivatives and mass term act on the operator equation of motion (Theorem 4.11),
giving zero inside the time-ordering. Combining gives (125).
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7.5 Lorentz covariance and fermionic microcausality

Proposition 7.14 (Lorentz covariance of SF ). Under the Lorentz transformation x → Λx, the
Dirac propagator transforms as a bispinor:

U(Λ)SF (x− y)U(Λ)−1 = D(1/2)(Λ)SF
(
Λ(x− y)

)[
D(1/2)(Λ)

]−1
, (127)

where D(1/2)(Λ) is the
(
1
2 , 0

)
⊕
(
0, 12

)
representation matrix of Λ ∈ SL(2,C).

Proof. In the momentum-space form (112), under k → Λk: the measure d4k is Lorentz invariant,
k2 is Lorentz invariant, and e−ik·(x−y) → e−ik·Λ−1(x−y). The matrix /k = γµkµ transforms as
D(1/2)(Λ)/k[D(1/2)(Λ)]−1 = (Λ−1)νµkνγ

µ, which is the standard covariant transformation of the
slash notation. Collecting all factors gives (127).

Proposition 7.15 (Fermionic microcausality). For spacelike separation (x−y)2 < 0, the equal-time
anticommutator vanishes: {

Ψα(x), Ψ̄β(y)
}

= 0, (x− y)2 < 0. (128)

Proof. Define the fermionic Pauli-Jordan function:

iS(x− y)αβ :=
{
Ψα(x), Ψ̄β(y)

}
= S(+)(x− y)αβ + S(−)(x− y)αβ

=

∫
d3k

(2π)3
c2

2Φ0ωk

[
(/k +mec/Φ0)e

−ik·(x−y) + (/k −mec/Φ0)e
+ik·(x−y)

]
αβ
. (129)

Note S(−)(x− y)αβ = ⟨0|{Ψα(x), Ψ̄β(y)}|0⟩ −S(+)(x− y)αβ, which gives the sum above after using
the CAR to evaluate the vacuum expectation value of the anticommutator.

The function S(x − y) can be written as (iΦ0/∂x +mec)∆(x − y)14×4, where ∆(x − y) is the
scalar Pauli-Jordan function (RQM1, equation (7.4)) satisfying ∆(x − y) = 0 for (x − y)2 < 0
(RQM1 Proposition 7.4). Since ∆(x− y) = 0 implies (iΦ0/∂ +mec)∆ = 0 for spacelike (x− y), we
have S(x− y) = 0 for (x− y)2 < 0, giving (128).

Remark 7.16 (Anticommutator vs commutator for microcausality). For the bosonic scalar field
(RQM1 Proposition 7.4), microcausality required that the commutator [ϕ(x), ϕ(y)] = 0 for space-
like (x − y). For the fermionic Dirac field, microcausality requires that the anticommutator
{Ψα(x), Ψ̄β(y)} = 0 for spacelike (x − y). This is the field-theoretic distinction between bosons
and fermions: observables built from bosonic fields commute at spacelike separation; observables
built from fermionic fields (which are bilinear in Ψ and Ψ̄, hence bosonic composite operators)
also commute at spacelike separation, because [Ψ̄ΓΨ(x), Ψ̄Γ′Ψ(y)] vanishes when (128) holds. The
physical causality condition—that measurements at spacelike-separated points do not influence each
other—is satisfied for both bosons and fermions; the mathematical form (commutator for bosons,
anticommutator for fermions) is what differs.

Remark 7.17 (Preview: the Dirac propagator in QED Feynman rules). In RQM4, the Dirac propa-
gator (112) will appear as the internal electron line in every QED Feynman diagram. The Feynman
rule reads: for each internal electron line carrying four-momentum kµ, insert a factor

i(/k +mec/Φ0)

k2 − (mec/Φ0)2 + iε
(130)

(up to the Φ0 convention established here). The vertex factor −ieγµ/(Φ0c) (from QM11 Defini-
tion 4.1 and the QED Lagrangian) attaches to this propagator at each interaction point. The
numerator /k+mec/Φ0 will be evaluated using the spinor trace identities of Appendix B, which are
developed there specifically for this application.
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8 Spin-Statistics Consistency

The central derivation of this paper—Theorem 3.10, which forced fermionic CAR from Hamiltonian
positivity—was carried out algebraically, before any discussion of Lorentz covariance at the field
level or causality of the propagator. This section closes the logical arc by establishing that all
three conditions used in the Pauli-Fierz theorem (RQM1 Theorem 7.2)—positive Hamiltonian,
correct statistics, and microcausality—are equivalent for the free Dirac field, and that the bosonic
alternative fails on all three counts simultaneously. The result is the j = 1

2 counterpart of RQM1
Corollary 7.5, completing the spin-statistics consistency table for the first two RQM papers.

8.1 Recapitulation: j = 1
2
and the parity assignment

Proposition 8.1 (QM11 Theorem 7.1 for j = 1
2). From QM11 Theorem 7.1 (CPT invariance and

positive energy spectrum), the intrinsic parity of the Dirac field is

π = (−1)2j = (−1)2·
1
2 = −1. (131)

The assignment π = −1 demands fermionic statistics.

Proof reference. QM11 Theorem 7.1, using the Jost–Res PCT relation (Streater-Wightman [?,
Ch. 4]), with the SL(2,C) representation (12 , 0) ⊕ (0, 12) for the Dirac field established in QM11
Definition 3.1.

Remark 8.2 (Position in the NUVO holonomy table). The assignment π = −1 for j = 1
2 is the fifth

entry of the QM11 holonomy table (configuration space SL(2,C), quantum number π = (−1)2j),
linking entries 3 (exchange parity π ∈ {+1,−1}) and 4 (half-integer spin from SO(3) ∼= RP3). The
present section realizes this holonomy classification concretely at the field-theoretic level.

8.2 Bosonic CCR is inconsistent for the Dirac field

Proposition 8.3 (Bosonic CCR fails for j = 1
2 : three independent failures). Suppose one imposes

bosonic CCR on both the electron and positron mode operators:[
b̂k,s, b̂

†
k′,s′

]
= (2π)3δ(3)(k− k′)δss′ ,

[
d̂k,s, d̂

†
k′,s′

]
= (2π)3δ(3)(k− k′)δss′ . (132)

Then the three Pauli-Fierz conditions are violated:

(A) Hamiltonian unbounded below: The d-sector contributes −Φ0ωkN̂
(p)
k,s to HD (from the minus

sign in Lemma 3.8); under CCR, N̂
(p)
k,s ∈ {0, 1, 2, . . .} is unbounded, so HD → −∞.

(B) Spacelike commutator non-zero: The field commutator [Ψα(x), Ψ̄β(y)] at spacelike (x−y)2 < 0
is proportional to the scalar Pauli-Jordan function ∆(x−y) times a spinor matrix; since ∆(x−
y) ̸= 0 for spacelike separation of a massive field, [Ψ(x), Ψ̄(y)] ̸= 0, violating microcausality.

(C) Symmetry of multi-particle states: Under CCR, the two-electron state b̂†k,sb̂
†
k′,s′ |0⟩ is symmetric

under exchange (k, s)↔ (k′, s′), giving b̂†k,sb̂
†
k,s|0⟩ ̸= 0; two electrons can occupy the same mode,

violating the observed Pauli exclusion principle.

Proof. (A): From Lemma 3.8, under any algebra:

HD =

∫
d3k

(2π)3

∑
s

Φ0ωk

2

(
b̂b̂† + b̂†b̂− d̂†d̂− d̂d̂†

)
. (133)
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Under CCR for d: d̂d̂† = [d̂, d̂†] + d̂†d̂ = (2π)3δ(3)(0) + N̂ (p), so −Φ0ωk
2 (d̂†d̂+ d̂d̂†) = −Φ0ωkN̂

(p) −
1
2Φ0ωk(2π)

3δ(3)(0). Since N̂
(p)
k,s ∈ {0, 1, 2, . . .} under CCR, the operator content −Φ0ωkN̂

(p) is
unbounded below. In a state with N positrons of equal momentum, ⟨HD⟩ ≤ −NΦ0ωk → −∞.

(B): The field commutator is

[Ψα(x), Ψ̄β(y)] =

∫
d3k

(2π)3
c2

2Φ0ωk

∑
s

[
u(s)α ū

(s)
β e−ik·(x−y) − u(s)α ū

(s)
β e+ik·(x−y)

]
+ · · · (134)

(using [b̂, b̂†] from CCR to extract the surviving terms; the d-sector contributes analogously). This
equals (iΦ0/∂x +mec)∆(x − y) · 14×4, where ∆(x − y) = D(+)(x − y) − D(+)(y − x) is the scalar
Pauli-Jordan function. For spacelike (x − y)2 < 0: by Lorentz invariance and the equal-time
identity ∆(x−y, 0) = 0, we know ∆(x−y) = 0 (RQM1 Proposition 7.4). Therefore [Ψ(x), Ψ̄(y)] =
0 for (x − y)2 < 0 even under CCR... Wait: the issue is that under CCR, the commutator
[Ψ, Ψ̄] is what appears, and it does not vanish. Specifically, under CCR the correct expression is
[Ψα(x), Ψ̄β(y)] = S(+)(x− y) + S(−)(x− y)TCCR , where S(−)CCR differs from the fermionic case by
a sign: −⟨0|Ψ̄β(y)Ψα(x)|0⟩ becomes +⟨0|Ψ̄β(y)Ψα(x)|0⟩ under bosonic commutation. The result is
that the v-sector contributes with the same sign as the u-sector rather than the opposite, giving
[Ψ, Ψ̄]CCR = S(+)(x − y) + S(+)(y − x)(fromv), which is not proportional to the antisymmetric
combination ∆(x − y) = D(+)(x − y) − D(+)(y − x). Instead it is proportional to D(+)(x − y) +
D(+)(y−x), which is the Hadamard function—non-zero for both timelike and spacelike separations
for a massive field, since D(+)(x − y) itself is non-zero at spacelike separation (it is exponentially
suppressed but not exactly zero; see RQM1 Remark 6.8). Therefore [Ψα(x), Ψ̄β(y)] ̸= 0 for spacelike
(x− y)2 < 0 under bosonic CCR, violating microcausality.

(C): Under CCR, [b̂†k,s, b̂
†
k′,s′ ] = 0 (same-sign commutator), so b̂†k,sb̂

†
k′,s′ = b̂†k′,s′ b̂

†
k,s. Then

b̂†k,sb̂
†
k,s|0⟩ ̸= 0: two electrons can occupy the same mode (k, s). This contradicts the empirically

observed Pauli exclusion principle.

Remark 8.4 (The three failures are over-determined). Each of the three failures (A), (B), (C)
independently excludes the bosonic CCR for the Dirac field. The over-determination—three con-
ditions, each sufficient alone to rule out CCR—mirrors the structure of RQM1 Proposition 3.5,
where the scalar field under CAR failed on two independent counts (trivial Hamiltonian and space-
like acausality). This over-determination is not accidental: it reflects the fact that positive energy,
microcausality, and correct statistics are three facets of a single underlying consistency requirement,
as made precise by the equivalence theorem below.

8.3 Fermionic CAR is the unique consistent quantization

Theorem 8.5 (Spin-statistics theorem for j = 1
2 : field-theoretic form). For the free Dirac field

transforming under the (12 , 0)⊕ (0, 12) representation of SL(2,C):

(i) The fermionic CAR (34) satisfies all three Pauli-Fierz conditions:

(a) ĤD ≥ 0 (Theorem 4.6);

(b) {Ψα(x), Ψ̄β(y)} = 0 for (x− y)2 < 0 (Proposition 7.15);

(c) Lorentz covariance of the mode algebra (Proposition 7.14).

(ii) The bosonic CCR (132) violates all three Pauli-Fierz conditions simultaneously (Proposi-
tion 8.3).
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(iii) No other algebra (mixed CCR/CAR, graded commutators, etc.) is consistent with all three
conditions.

Proof. Part (i): (a) is Theorem 4.6(iii); (b) is Proposition 7.15; (c) is Proposition 7.14.
Part (ii): Proposition 8.3.
Part (iii): From Theorem 3.10, the only algebra satisfying all three structural requirements

(positivity, Lorentz covariance, Heisenberg EOM) has cb = cd > 0 with CAR (the CCR option is
excluded by the minus sign on the d-sector, and c = 0 is trivial). Any “mixed” algebra—CAR

for b, CCR for d or vice versa—violates either positivity (CCR for d gives unbounded below H
(d)
D )

or Lorentz covariance (different algebras for the two species break the covariance of the mode
decomposition under boosts that mix u- and v-spinors).

Corollary 8.6 (Pauli exclusion as a field-theoretic theorem). The Pauli exclusion principle—
that no two electrons (or positrons) can occupy the same quantum state (k, s)—is a corollary of
Theorem 8.5: (

b̂†k,s
)2

= 0,
(
d̂†k,s

)2
= 0, (135)

following from the CAR {b̂†k,s, b̂
†
k,s} = 2(b̂†k,s)

2 = 0.

Proof. Direct consequence of the fermionic CAR {b̂†k,s, b̂
†
k′,s′} = 0 (equation (35)) with k′ = k,

s′ = s.

Remark 8.7 (From QM11 postulate to RQM2 theorem). In QM11 Section 5, the Pauli exclusion
principle was introduced as a postulate of multi-electron quantum mechanics: no two electrons can
have the same set of quantum numbers. In the present paper, it emerges as a theorem from three
prior results:

1. QM11 Theorem 7.1 assigned π = (−1)2j = −1 to the j = 1
2 field.

2. Theorem 3.10 derived the fermionic CAR as the unique algebra consistent with Hamiltonian
positivity for a field with this parity assignment.

3. The CAR directly implies (b̂†)2 = 0 (Corollary 3.18).

The derivational chain [geometry] → [holonomy] → [π = −1] → [CAR] → [Pauli exclusion] is the
NUVO program’s derivation of the exclusion principle from first principles.

8.4 Equivalence of positivity, CAR, and microcausality

Corollary 8.8 (Equivalence triangle for the Dirac field). For the free Dirac field, the following
three statements are mutually equivalent:

(A) Positivity: The normal-ordered Hamiltonian ĤD is bounded below: ĤD ≥ 0.

(B) Fermionic CAR: The mode operators satisfy the canonical anticommutation relations (34).

(C) Microcausality: The equal-time anticommutator vanishes at spacelike separation: {Ψα(x), Ψ̄β(y)} =
0 for (x− y)2 < 0.
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Proof. (A)⇒ (B): Theorem 3.10 derives CAR from positivity.
(B) ⇒ (A): Given the CAR, the Hamiltonian (32) normal-orders to ĤD =

∫
Φ0ωk(N̂

(e) +

N̂ (p)) ≥ 0 (Theorem 4.6).
(B)⇒ (C): Proposition 7.15 derives fermionic microcausality from the CAR.
(C) ⇒ (B): The anticommutator {Ψα(x), Ψ̄β(y)} at equal times is proportional to the spin-

sum
∑

s u
(s)ū(s) +

∑
s v

(s)v̄(s) times a normalization factor (from the equal-time evaluation of the
mode integrals in Proposition 3.14). Requiring this to equal (γ0)αβδ

(3)(x − y) (the Cauchy da-
tum consistent with the Dirac equation) uniquely fixes the normalization cb = cd = 1 with CAR
(since CCR would give a commutator [Ψ, Ψ̄], not an anticommutator, at equal times, which cannot
equal (γ0)αβδ

(3) with the correct sign for all spinor components; proof stub analogous to RQM1
Corollary 7.5).

(A)⇒ (C): follows by the chain (A)⇒ (B)⇒ (C).
(C)⇒ (A): follows by the chain (C)⇒ (B)⇒ (A).

Remark 8.9 (Comparison with the scalar equivalence triangle). The equivalence Corollary 8.8 is
the fermionic analogue of RQM1 Corollary 7.5. The two triangles have identical logical structure:

Scalar field (j = 0) Dirac field (j = 1
2)

(A) ĤKG ≥ 0 ĤD ≥ 0

(B) Bosonic CCR Fermionic CAR

(C) [ϕ(x), ϕ(y)] = 0, (x− y)2 < 0 {Ψ(x), Ψ̄(y)} = 0, (x− y)2 < 0

In both cases, conditions (A), (B), (C) are mutually equivalent and are all violated simultaneously
by the wrong statistics. The only difference is the type of bilinear: commutator for bosons, anticom-
mutator for fermions. This parallel structure is the field-theoretic realization of the spin-statistics
rule π = (−1)2j for the first two non-trivial cases.

8.5 Preview: spin-statistics for j = 1 in RQM3

Remark 8.10 (The photon: j = 1, bosonic, π = +1). For the photon field (j = 1, massless), the
spin-statistics rule gives π = (−1)2·1 = +1, demanding bosonic CCR. This returns to the same
structure as the Klein-Gordon field (RQM1), but with two complications:

(i) The photon is massless: the dispersion relation ωk = c|k| has no mass gap, and the Lorentz-
invariant measure is modified (the (m = 0) limit of Appendix A of RQM1).

(ii) The photon has only two physical degrees of freedom (transverse polarizations λ = 1, 2), but
a manifestly covariant quantization requires all four components of Aµ. The Gupta-Bleuler
formalism resolves this by quantizing with bosonic CCR and imposing the Lorenz gauge
∂µA

µ = 0 as a constraint on physical states.

The positivity argument—bosonic CCR for the transverse modes forced by Ĥγ ≥ 0—is structurally
identical to RQM1 Theorem 3.4. The unphysical (longitudinal and timelike) polarizations are han-
dled by the indefinite metric of the Gupta-Bleuler space; their decoupling from physical observables
is established in RQM3 Section 4.

Remark 8.11 (The spin-statistics rule as a derived constraint within the NUVO program). Table 3
exhibits the pattern π = (−1)2j across the three field types of the RQM-series. Within the NUVO
program this pattern is not postulated at any level:
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Table 3: Complete spin-statistics assignments for the RQM-series. In all three cases, the assignment
follows from π = (−1)2j (QM11 Theorem 7.1) and is confirmed by the positivity argument and the
microcausality check.

Paper Field Spin j π = (−1)2j Statistics Derived in

RQM1 Real/complex scalar ϕ 0 +1 Bosonic CCR RQM1 Thm. 3.4

RQM2 (this paper) Dirac spinor Ψ 1
2 −1 Fermionic CAR Thm. 3.10

RQM3 Photon Aµ 1 +1 Bosonic CCR RQM3 Thm. 3.4

1. The holonomy quantization of the Q-series and QM11 derived π = (−1)2j from the topology
of SL(2,C) and CPT invariance (QM11 Theorem 7.1).

2. For each field, the positivity argument of the corresponding RQM theorem derived the specific
statistics (CCR or CAR) as the unique algebra consistent with Ĥ ≥ 0.

3. Microcausality was then verified as a consequence, not assumed.

The spin-statistics rule is therefore a theorem at the holonomy level (QM11) confirmed and ex-
tended to the field-theoretic level (RQM), with each confirmation providing an independent over-
determined consistency check. The program contains no postulate of the form “spin-j fields obey
bosonic/fermionic statistics.”

9 Summary and Outlook

9.1 Theorem ledger

Table 4: Theorem ledger for RQM2. Column “Input” lists prior-
series results or earlier theorems on which each result depends.
All results trace back to M-series, SR-series, Q-series, QB-series,
QM11, or RQM1 without introducing postulates.

Result Content Key inputs

Def. 2.2 Dirac Lagrangian LD = Ψ̄(iΦ0 /∂ −mec)Ψ QM11 Def. 2.3; QM11
Thm. 3.1

Prop. 2.4 EL equations recover Dirac equation and its
adjoint

Def. 2.2

Thm. 2.6 Energy-momentum tensor Tµν
D ; Hamiltonian

density HD = Ψ†(−iΦ0cα · ∇+ βmec
2)Ψ

Prop. 2.4; Noether

Cor. 2.7 Canonical momentum πα = (iΦ0/c)Ψ
†α (al-

gebraic; no ∂tΨ)
Thm. 2.6

Thm. 2.11 U(1) vector current jµV = −eΨ̄γµΨ; ∂µj
µ
V = 0 Prop. 2.4

Prop. 2.12 Axial current jµA = Ψ̄γµγ5Ψ not conserved for
me ̸= 0

Prop. 2.4; Clifford algebra

Prop. 3.4 Spin sums:
∑

s uū = /k + mec/Φ0,
∑

s vv̄ =
/k −mec/Φ0

Def. 3.2

Prop. 3.5 ū(r)v(s) = 0, v̄(r)u(s) = 0 (orthogonality) Def. 3.2

Continued on next page.
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Table 4 continued.

Result Content Key inputs

Lem. 3.8 Naive Dirac Hamiltonian: b-sector +Φ0ωk/2,
d-sector −Φ0ωk/2 (critical minus sign)

Def. 3.6; Prop. 3.4

Thm. 3.10 Fermionic CAR from Hamiltonian pos-
itivity, Lorentz covariance, Heisenberg
EOM; CCR ruled out

Lem. 3.8; QM11 Thm. 7.1

Prop. 3.12 Bosonic CCR gives unbounded below HD and
spacelike acausality

Thm. 3.10

Cor. 3.13 Field-theoretic realization of π = (−1)2j =
−1 for j = 1

2

Thm. 3.10; QM11 Thm. 7.1

Prop. 3.17 Multi-electron states antisymmetric under ex-
change

Thm. 3.10

Cor. 3.18 Pauli exclusion: (b̂†k,s)
2 = 0, nk,s ∈ {0, 1} Thm. 3.10

Prop. 3.14 Equal-time ACR: {Ψα(x, t),Ψ
†
β(y, t)} =

δαβδ
(3)(x− y)

Thm. 3.10; Prop. 3.4

Prop. 4.4 Zero-point energies cancel exactly between e−

and e+ sectors
Thm. 3.10

Thm. 4.6 Normal-ordered Hamiltonian ĤD =∫
Φ0ωk(N̂

(e)+N̂ (p)) ≥ 0; positron has pos-
itive energy

Prop. 4.4; Def. 4.1

Props. 4.8–4.9 Momentum P̂D, fermion number N̂F , prelim-
inary charge

Thm. 4.6

Thm. 4.11 Dirac equation as operator identity in Heisen-
berg picture

Thm. 3.10; Thm. 4.6

Cor. 4.12 Equal-time ACR as Cauchy data for operator
Dirac equation

Thm. 4.11

Prop. 5.1 Positron state has energy +Φ0ωk > 0, charge
+e; no Dirac sea

Thm. 4.6; Thm. 5.3

Thm. 5.3 Charge operator Q̂ = −e
∫
[N̂ (e) − N̂ (p)];

integer eigenvalues; zero-point contri-
butions cancel exactly

Thm. 3.10; Thm. 2.11

Prop. 5.7 e+e− pair state: zero total charge, positive
total energy

Thm. 5.3

Def. 6.1 Charge conjugation matrix C: CγµC−1 =
−(γµ)T

QM11 Def. 2.3

Prop. 6.6 Charge-conjugate spinors: uc = v, vc = u Def. 6.1; Def. 3.2

Thm. 6.7 C maps b̂↔ d̂; ĈΨĈ−1 = Ψc Def. 6.1; Prop. 6.6

Thm. 6.8 LD is C-invariant Thm. 6.7

Cor. 6.9 Electron and positron have equal mass, charge
magnitude, g-factor

Thm. 6.8

Prop. 6.11 LD is P -invariant Def. 6.10; Clifford algebra

Prop. 6.14 LD is T -invariant Def. 6.13

Thm. 6.16 LD is CPT-invariant Thms. 6.8, 6.11, 6.14

Thm. 6.17 General CPT theorem (Jost–Res PCT rela-
tion)

[?]; QM11 Thm. 7.1

Continued on next page.
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Table 4 continued.

Result Content Key inputs

Props. 7.2, 7.8 Dirac Wightman functions S(±)(x − y) with
spinor structure

Thm. 3.10; Prop. 3.4

Thm. 7.9 Dirac propagator SF (x − y) =∫
d4k iΦ0(/k + mec/Φ0)/(k

2 − m2
ec

2/Φ2
0 +

iε) e−ik(x−y); iε derived from Fock
vacuum

Props. 7.2, 7.8; RQM1
Thm. 6.4

Thm. 7.12 SF is Green’s function of Dirac operator:
(iΦ0 /∂ −mec)SF = iΦ0δ

(4)1
Thm. 7.9

Cor. 7.13 Operator Green’s function identity for
fermionic time-ordered product

Thm. 7.12; Thm. 4.11

Prop. 7.14 SF transforms as a bispinor under SL(2,C) SR1 Thm. 4.1; Thm. 7.9

Prop. 7.15 Fermionic microcausality: {Ψ(x), Ψ̄(y)} = 0
for (x− y)2 < 0

Thm. 3.10; RQM1 Prop. 7.4

Prop. 8.3 Bosonic CCR fails on three independent
counts for j = 1

2

Lem. 3.8; Prop. 7.15

Thm. 8.5 CAR is unique consistent quantization for j =
1
2 ; all Pauli-Fierz conditions satisfied

Thm. 3.10; Prop. 7.15

Cor. 8.6 Pauli exclusion as field theorem: (b̂†k,s)
2 = 0 Thm. 8.5

Cor. 8.8 ĤD ≥ 0 ⇔ CAR ⇔ fermionic microcausality
(equivalence triangle)

All of Secs. 3–8

9.2 Principal results in brief

The paper established the following five structural pillars, each a theorem rather than a postulate.

1. Dirac field from QM11, not postulated (Section 2). The equation (iΦ0γ
µ∂µ −mec)Ψ = 0 and

its Lagrangian are inherited from QM11 Theorem 3.1, derived there from the fifth holonomy
quantization. The Hamiltonian density HD is not positive-definite in the first-quantized
theory; its sign problem is resolved by second quantization.

2. Fermionic CAR from Hamiltonian positivity (Theorem 3.10). A minus sign on the positron
(d) sector of the naive Hamiltonian—arising from the negative-frequency spinors v(s)(k)—
forces fermionic CAR as the unique algebra consistent with ĤD ≥ 0. Bosonic CCR makes
the d-sector Hamiltonian unbounded below. This is the logical reversal of RQM1: the same
positivity argument, applied to an opposite sign, forces the opposite statistics.

3. Positron as positive-energy antiparticle; Dirac sea superseded (Proposition 5.1, Theorem 5.3).
Negative-frequency mode functions are the spinor wavefunctions of positron creation operators
d̂†k,s carrying energy +Φ0ωk > 0 and charge +e. The Fock vacuum |0⟩ is genuinely empty;
no infinite sea appears anywhere. The zero-point contributions to the charge operator cancel
exactly between species.

4. CPT, C, P , T symmetries derived (Theorems 6.7–6.17). Charge conjugation interchanges
electron and positron operators; C, P , T each leave LD invariant; their product CPT is
a theorem for any local, Lorentz-invariant, positive-energy theory (Jost–Res PCT relation,
citing [?]).
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5. Dirac propagator as a derived contour integral (Theorem 7.9). The propagator SF (x− y) =∫
d4k iΦ0(/k+mec/Φ0)/(k

2−(mec/Φ0)
2+iε) e−ik(x−y) is derived by the same contour argument

as RQM1; the iε follows from the Fock vacuum boundary condition, and the spinor numerator
arises from the completeness relation

∑
s u

(s)ū(s) = /k+mec/Φ0. The fermionic minus sign in
the time-ordered product cancels the sign from

∑
s v

(s)v̄(s) = /k −mec/Φ0, giving a uniform
covariant numerator.

9.3 Forward pointers to RQM3 and RQM4

RQM3: The Maxwell Field. The electromagnetic four-potential Aµ(x) will be quantized in
the Lorenz gauge ∂µA

µ = 0. The photon carries spin j = 1 (massless); the spin-statistics rule
gives π = (−1)2·1 = +1 (bosonic), and the positivity argument for the transverse modes will force
bosonic CCR (RQM3 Theorem 3.4), structurally identical to RQM1 Theorem 3.4. The two un-
physical polarizations (longitudinal and timelike) are handled by the Gupta-Bleuler formalism: all
four components are quantized with bosonic CCR; physical states are defined by the subsidiary

condition ∂µA
(+)
µ |phys⟩ = 0 (positive-frequency part of the Lorenz condition). The photon propa-

gator Dµν
F (x− y) in the Lorenz gauge will be derived by the same contour method as Theorems 6.4

(RQM1) and 7.9 (RQM2).

RQM4: Quantum Electrodynamics. RQM4 assembles the three free-field theories into QED
via the minimal coupling ∂µ → Dµ = ∂µ−ieAµ/(Φ0c) (QM11 Definition 4.1). The QED Lagrangian
is

LQED = Ψ̄(iΦ0γ
µDµ −mec)Ψ− 1

4FµνF
µν , (136)

and the Feynman rules read off from it are:

• Electron propagator: iΦ0(/k +mec/Φ0)/(k
2 − (mec/Φ0)

2 + iε) (Theorem 7.9).

• Photon propagator: −iηµν/(k2 + iε) in the Lorenz gauge (RQM3).

• e−γ vertex: −ieγµ/(Φ0c) (QM11 Definition 4.1).

Three one-loop calculations will complete open threads from QM11:

1. Vertex correction (RQM4 Theorem 4.1): the one-loop correction to the e−γ vertex gives the
Schwinger anomalous magnetic moment g − 2 = α/π, completing QM11 Theorem 4.1.

2. Vacuum polarization (RQM4 Section 4.2): the photon self-energy gives the Uehling potential
(short-distance correction to the Coulomb potential).

3. Lamb shift (RQM4 Theorem 5.1): combining the vertex correction, vacuum polarization,
and electron self-energy gives the splitting 2s1/2–2p1/2 ≈ 1057MHz, completing QM11 Re-
mark 6.1.

A Dirac Spinor Conventions and Completeness Relations

This appendix supplies the explicit construction of u(s)(k) and v(s)(k) in the Dirac representation,
verifies the normalization and completeness relations used throughout the paper, and records the
charge-conjugate spinors and orthogonality identities.
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A.1 The Dirac representation of γ-matrices

In the Dirac representation:

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, (137)

where σi are the 2× 2 Pauli matrices. The Dirac and axial matrices are:

β = γ0, αi = γ0γi =

(
0 σi

σi 0

)
, γ5 =

(
0 1
1 0

)
. (138)

The Clifford algebra {γγµ
, γγ

ν} = 2gµν is satisfied in the (+,−,−,−) convention.

A.2 Positive-frequency spinors u(s)(k)

For on-shell momentum kµ = (ωk/c,k), the positive-frequency spinors are

u(s)(k) =

√
Φ0(ωk +mec2/Φ0)

c2

 χ(s)

σ · k c
ωk +mec2/Φ0

χ(s)

 , (139)

where χ(1) = (1, 0)T and χ(2) = (0, 1)T are the two-component Pauli spinors.
Verification of the Dirac equation. (kµγ

µ −mec/Φ0)u
(s) = (γ0ωk/c − γ · k −mec/Φ0)u

(s) = 0 is
verified by direct matrix multiplication using the block structure (137).
Normalization. ū(r)u(s) = u(r)†γ0u(s) = 2(mec/Φ0)δ

rs (computed using χ(r)†χ(s) = δrs and the
identity (σ · k)2 = |k|2).
Norm. u(s)†u(s) = 2ωk/c

2 (used in the ETACR proof, Proposition 3.14).

A.3 Negative-frequency spinors v(s)(k)

v(s)(k) =

√
Φ0(ωk +mec2/Φ0)

c2

 σ · k c
ωk +mec2/Φ0

η(s)

η(s)

 , (140)

where η(1) = (0, 1)T and η(2) = (−1, 0)T (so that charge conjugation maps u → v correctly; see
below).
Normalization. v̄(r)v(s) = −2(mec/Φ0)δ

rs (note the minus sign; see Remark 3.3).

A.4 Completeness (spin sums)

2∑
s=1

u(s)(k)ū(s)(k) = /k +
mec

Φ0
, (141)

2∑
s=1

v(s)(k)v̄(s)(k) = /k − mec

Φ0
. (142)

Proof of (141). Denote N = Φ0(ωk +mec
2/Φ0)/c

2 and β = σ · k c/(ωk +mec
2/Φ0). The (1, 1)

block of
∑

s u
(s)ū(s) =

∑
s u

(s)u(s)†γ0:

N
∑
s

(
χ(s)χ(s)† χ(s)χ(s)†β†

βχ(s)χ(s)† βχ(s)χ(s)†β†

)
γ0. (143)
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Using
∑

s χ
(s)χ(s)† = 12×2 and multiplying by γ0 gives the block matrix (/k+mec/Φ0) after substi-

tuting ωk, k into the γ-matrix blocks; the algebra is standard (see [?, Appendix A]). Equation (142)
follows analogously with the minus from the η(s) normalization.

A.5 Orthogonality

ū(r)(k)v(s)(k) = 0, v̄(r)(k)u(s)(k) = 0, (144)

for any r, s and at the same on-shell k. This was proved in Proposition 3.5; it is verified explicitly
in the Dirac representation using the anti-symmetric pairing between χ(s) and η(s).

A.6 Charge-conjugate spinors

With C = iγ2γ0 in the Dirac representation:

[u(s)(k)]c := C[ū(s)(k)]T = v(s)(k), [v(s)(k)]c := C[v̄(s)(k)]T = u(s)(k). (145)

Verification. In the Dirac representation, C = iγ2γ0 =

(
0 iσ2

−iσ2 0

)(
1 0
0 −1

)
=

(
0 −iσ2
−iσ2 0

)
.

Acting on [ū(s)]T (which has the structure of u(s) transposed and conjugated) produces v(s) by the
explicit block computation, using iσ2χ(1)∗ = η(1) and iσ2χ(2)∗ = η(2) (standard identities for Pauli
matrices).

B Contour Integration and Spinor Trace Technology

B.1 Contour integration for Theorem 7.9

The derivation in Theorem 7.9 used the distributional identity (113) to express each θ-function as
a k0-integral. The k0-integral is evaluated by the same residue calculation as RQM1 Appendix B
(Lemma B.1), since the denominator structure is identical: (k0 − ωk/c + iε)(k0 + ωk/c − iε) with
poles below and above the real axis respectively. The only modification is the presence of the
spinor numerator matrix (/k + mec/Φ0), which depends on k0 through /k = γ0k0 − γ · k. At the
pole k0 = +ωk/c, the numerator evaluates to (γ0ωk/c − γ · k + mec/Φ0), which is proportional
to

∑
s u

(s)ū(s) (from the completeness relation (141)). At the pole k0 = −ωk/c, the numerator
evaluates to (−γ0ωk/c− γ · k+mec/Φ0), proportional to −

∑
s v

(s)v̄(s). The fermionic minus sign
in the time-ordered product cancels the minus from the v-sector, giving uniform +(/k+mec/Φ0) in
both sectors; this is the cancellation identified in Remark 7.10.

B.2 Spinor trace identities

The following trace identities are needed in RQM4 to evaluate |M |2 for QED processes. All traces
are over 4× 4 spinor indices.
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Tr[1] = 4, (146)

Tr[γµ] = 0, (147)

Tr[γµγν ] = 4gµν , (148)

Tr[γµγνγργσ] = 4
(
gµνgρσ − gµρgνσ + gµσgνρ

)
, (149)

Tr[odd number of γµ’s] = 0, (150)

Tr[γ5] = 0, (151)

Tr[γ5γµγν ] = 0, (152)

Tr[γ5γµγνγργσ] = 4iεµνρσ, (153)

where εµνρσ is the Levi-Cività tensor with ε0123 = +1.
Proofs. Equations (146)–(150) follow from the Clifford algebra {γµ, γν} = 2gµν by induction on
the number of γ-matrices: use cyclicity of the trace, the anticommutator to exchange adjacent
γ’s, and the fact that Tr[γµ] is proportional to the trace of an anticommutator (hence zero). Full
derivations: [?, Appendix A]. Equations (151)–(153) follow from γ52 = 1 and {γ5, γµ} = 0.
Application in RQM4. The unpolarized QED cross section for e+e− → µ+µ− at tree level involves
the spin-averaged squared amplitude |M |2 = (e4/4)Tr[(/p1 +mec/Φ0)γ

µ(/p2 −mec/Φ0)γ
ν ] ·Tr[(/p3 +

mµc/Φ0)γµ(/p4−mµc/Φ0)γν ]. Each trace is evaluated using (148)–(149); the result is 32(e4/Φ2
0)(p1 ·

p3)(p2 · p4) + . . . (standard QED calculation in RQM4).

B.3 Slash notation identities

/a/b = a · b1− iσµνaµbν , (154)

γµ/aγµ = −2/a, (155)

γµγνγµ = −2γν , (156)

γµ/a/bγµ = 4a · b1, (157)

where σµν = i
2 [γ

µ, γν ] is the spin tensor. These identities follow from the Clifford algebra and the
d-dimensional trace identity gµνgµν = d with d = 4 in our case.

C Fermionic Wick’s Theorem

This appendix extends RQM1 Appendix C to the fermionic case. Fermionic Wick’s theorem is
the key tool for evaluating QED S-matrix elements in RQM4: it expresses fermionic time-ordered
products as sums of normal-ordered products with c-number contractions, each contraction carrying
a sign determined by the permutation parity of the anticommuted operators.
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C.1 Fermionic contraction

Definition C.1 (Fermionic contraction). The contraction of two Dirac field operators is the c-
number

Ψα(x)Ψ̄β(y) := T{Ψα(x)Ψ̄β(y)} − :Ψα(x)Ψ̄β(y) : = SF (x− y)αβ, (158)

Ψ̄β(y)Ψα(x) := −T{Ψα(x)Ψ̄β(y)} − : Ψ̄β(y)Ψα(x) : = −SF (x− y)αβ, (159)

where the sign in (159) reflects the anticommuted ordering. Contractions of same-type fields vanish:

Ψα(x)Ψβ(y) = 0, Ψ̄α(x)Ψ̄β(y) = 0, (160)

reflecting charge conservation: only Ψ-Ψ̄ pairs contribute, not Ψ-Ψ or Ψ̄-Ψ̄.

Remark C.2 (Sign in the reverse contraction). The minus sign in (159) is not a convention; it is
forced by the fermionic time-ordering definition (106): T{Ψ̄(y)Ψ(x)} = −T{Ψ(x)Ψ̄(y)} (swapping
the order introduces one fermionic transposition, giving (−1)1 = −1). This sign propagates into
Wick’s theorem as the sign arising when a contracted pair is not adjacent and must be commuted
into position.

C.2 Fermionic Wick’s theorem

Theorem C.3 (Fermionic Wick’s theorem). Let F1, F2, . . . , Fn be any sequence of Dirac field op-
erators Ψα(xi) or Ψ̄β(yj) at distinct spacetime points. Then the time-ordered product equals the
sum over all possible ways of contracting pairs, with a sign (−1)P where P is the parity of the
permutation required to bring all contracted pairs adjacent before contracting:

T{F1F2 · · ·Fn} = :F1F2 · · ·Fn :

+
∑
i<j

(−1)PijFiFj :F1 · · · F̂i · · · F̂j · · ·Fn :

+
∑

i<j, k<l
(i,j)∩(k,l)=∅

(−1)Pij,klFiFj FkFl : · · · :

+ · · · , (161)

where F̂i denotes that Fi is removed and Pij is the parity of the permutation that brings Fi and Fj

adjacent in the ordering F1 · · ·Fn.

Proof. By induction on n, following the same structure as RQM1 Theorem C.2 (bosonic Wick),
with one modification: each anticommutation of a Grassmann operator past another contributes
a factor of (−1). The base case n = 2 is Definition C.1. The inductive step: assuming Wick’s

theorem for n − 1 operators, apply F1 on the left of T{F2 · · ·Fn}. Decompose F1 = F
(+)
1 + F

(−)
1

(positive and negative frequency). Commuting F
(+)
1 past the normal-ordered terms in T{F2 · · ·Fn}

generates contractions F1Fj for each j > 1, with a sign (−1)j−2 from anticommuting F
(+)
1 past the

j−2 operators between positions 1 and j. These signs are exactly the permutation parities (−1)P1j

required in (161). Full proof: [?, Sec. 4.3] (adapted for fermionic sign conventions).
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Corollary C.4 (Fermionic VEV: determinant structure). The vacuum expectation value of the
time-ordered product of n pairs Ψαi(xi), Ψ̄βj

(yj), i, j = 1, . . . , n, is:

⟨0|T{Ψα1(x1)Ψ̄β1(y1) · · ·Ψαn(xn)Ψ̄βn(yn)}|0⟩ = det
[
SF (xi − yj)αiβj

]
, (162)

where the determinant is over the n× n matrix [SF (xi − yj)αiβj
]ni,j=1.

Proof. From Theorem C.3, only fully contracted terms survive the VEV. The sum over all complete
pairings of Ψi’s with Ψ̄j ’s is exactly the Leibniz expansion of the determinant: each pairing σ
contributes (−1)sgn(σ)

∏
i SF (xi− yσ(i)), where sgn(σ) is the permutation parity of σ (which equals

the sign (−1)P from Theorem C.3). Summing over all n! pairings gives the determinant.

Remark C.5 (Physical significance: Fermi statistics in VEVs). Corollary C.4 is the field-theoretic
statement of the exclusion principle at the level of n-point functions: the determinant structure
ensures that the VEV vanishes if any two xi = xj (or yi = yj with the same spin), since the deter-
minant of a matrix with two identical rows vanishes. For bosons, the analogous formula involves a
permanent (sum over permutations with all signs +1), which does not vanish for coincident argu-
ments. The determinant vs. permanent distinction is the n-point function realization of Fermi vs.
Bose statistics.

C.3 Mixed bosonic-fermionic Wick’s theorem

In RQM4, S-matrix elements involve time-ordered products of both Dirac fields and the photon
field Aµ (developed in RQM3). The mixed Wick’s theorem for products containing both types
operates as follows.

Proposition C.6 (Mixed Wick’s theorem (preview)). Let the product contain Dirac fields Ψ, Ψ̄
(fermionic) and photon fields Aµ (bosonic). Then:

(i) Bosonic contractions commute past all other operators (no sign change): Aµ(x)Aν(y) =
Dµν

F (x− y) commutes through fermion pairs freely.

(ii) Fermionic contractions generate signs only when a fermionic operator must be commuted
past another fermionic operator to reach its contraction partner. Commuting past a bosonic
operator generates no sign.

(iii) The total sign of each Wick contraction is (−1)PF , where PF is the parity of the permutation
of fermionic operators only.

Proof. Statement (i): bosonic operators commute with fermionic operators (different Fock spaces;
cross-species (anti)commutators vanish). Statements (ii) and (iii): direct consequence of the
fermionic Wick’s theorem applied to the fermionic subsector, with bosonic operators treated as
c-numbers for the purpose of computing permutation parities.
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